A PRODUCT OF TENSOR PRODUCT L-FUNCTIONS 
OF QUASI-SPLIT CLASSICAL GROUPS OF 
HERMITIAN TYPE 

DIHUA JIANG AND LEI ZHANG 

Abstract. A family of global integrals representing a product of 
tensor product (partial) L-functions: 

L^{s, TT X Ti)L^{s, n X T2) ■ ■ ■ L^{s, tt x t^) 

are established in this paper, where tt is an irreducible cuspidal au- 
tomorphic representation of a quasi-split classical group of Hermit- 
ian type and ti , • • • , are irreducible unitary cuspidal automor- 
phic representations of GLq^ , • • • , GL^^ , respectively. When r = 1 
and the classical group is an orthogonal group, this was studied 
by Ginzburg, Piatetski-Shapiro and Rallis in 1997 and when n is 
generic and ti, • • • , t,. are not isomorphic to each other, this is con- 
sidered by Ginzburg, Rallis and Soudry in 2011. In this paper, we 
prove that the global integrals are eulerian and finish the explicit 
calculation of unramified local L-factors in general. The remaining 
local and global theory for this family of global integrals will be 
considered in our future work. 



1. Introduction 

Let F be a number field and Ehe a quadratic extension of F when we 
discuss unitary groups and E be equal to F when we discuss orthogonal 
groups. Let Gn be a quasi-split group, which is either U„,„, Un-i-i,n, 
S02n-i-i, or S02n, defined over F. Let be the ring of adeles of E 
and A be the ring of adeles of F. Take r to be an irreducible generic 
automorphic representation of Res£;/ir(GLa)(A) = GLa{AE) of isobaric 
type, i.e. 



;i.l) r = rifflr2ffl---fflr^ 
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where a = Yll=i is a partition of a and Tj is an irreducible unitary cus- 
pidal automorphic representation of GL^. (A^;). Let vr be an irreducible 
cuspidal automorphic representation of G„(A). We consider a family of 
global zeta integrals (see Section 3 for definition), which represent the 
family of the tensor product (partial) L-functions L'^(s,7r x r), which 
is expressed as follows: 

(1.2) L^{s, n X t) = L^{s, n x ri)L^(s, n x T2) ■ ■ ■ L^{s, n x r,,). 

It is often interesting and important in Number Theory and Arithmetic 
to consider certain simultaneous behavior at a certain given point s = 
Sq. For instance, the nonvanishing at s = i, the center of the symmetry 
of the L-functions L^{s,7i x Ti), L^{s,tt x T2), L^{s,tc x r,.), or 
particularly, taking Ti = T2 = ■ ■ ■ = Tr, which yields the r-th power 
L^{s, IT X TiY for all positive integers r. As remarked at the end of this 
paper, the arguments and the methods still work if one replaces the 
single variable s by multi- variable (si, ■ ■ ■ ,Sr)- However, we focus on 
the case of single variable s in this paper. 

We use a family of the Bessel periods (discussed in Section 2) to 
define the family of global zeta integrals, following closely the formu- 
lation of Ginzburg, Piatetski-Shapiro and Rallis in |GPSR97] . where 
the case when r = 1 and Gn is an orthogonal group was considered. 
When 71 is generic, i.e. has a nonzero Whittaker-Fourier coefficient, 
and Ti, ■ ■ ■ ,Tr are not isomorphic to each other, this family of tensor 
product L-functions were studied by Ginzburg, Rallis and Soudry in 
their recent book |GRSllj . However, the global integrals studied in 
[GRSllj can not cover the general situation considered in this paper, 
while the global zeta integrals here are the most general version of this 
kind stated from the pioneer work of Piatetski-Shapiro and Rallis and 
of Gelbart and Piatetski-Shapiro ( |GPSR87] ). Some more special cases 
were studied earlier by various authors and we refer to the relevant dis- 
cussions in |GPSR97j and [GRSllj . 

In addition to the potential application towards the simultaneous 
nonvanishing of the central values of the tensor product L-functions, 
the basic relation between the product of the tensor product (partial) 
L-functions and the family of global zeta integrals is also an important 
ingredient in the proof of the nonvanishing of the certain explicit con- 
structions of endoscopy correspondences as indicated for some special 
cases in the work of Ginzburg in |G08j . and as generally formulated in 
the work of the first name author in ([jn] and HH]). We will come 
back to this topic in our future work ( jJZ13j ). 

In general, the meromorphic continuation to the whole complex plane 
of the product of the tensor product (partial) L-functions is known 
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from the work of R. Langlands on the exphcit calculation of the con- 
stant terms of Eisenstein series ( |L71j ). However, when tt is not generic, 
i.e. has no nonzero Whittaker-Fourier coefficients, the Langlands con- 
jecture on the standard functional equation and the finite number of 
poles for Re(s) > | is still not known ( [ShlO] ). 

According to the recent work of Arthur ( [Arl2] ) and also of C.-P. 
Mok f |Mkl2j ). when vr has a generic global Arthur parameter, the ten- 
sor product (complete) L-functions L{s, tt x r) can be defined through 
the Arthur-Langlands transfer from Gn to general linear groups. In 
this case, tt is nearly equivalent to an irreducible generic cuspidal au- 
tomorphic representation ttq of Gn{^) and hence we have an identity 
for partial L-functions 

L^{s,TT X r) = L^{s,ttq X r). 

Hence it is an interesting problem to develop the local theory of the 
family of global zeta integrals considered in this paper and prove that 
the local L-factors produced by means of this current approach are the 
same as what Arthur defines in [Arl2j through the Arthur-Langlands 
transfers. It seems still an issue to prove that the Arthur local L-factors 
are compatible with the classification theory of representations of Gn 
over local fields. It is our hope that the complete local theory developed 
through the approach considered in this paper will be able to achieve 
this goal for general vr, which may have a non-generic global Arthur 
parameter. This will turn out to be one of the important steps towards 
the completion of the local Langlands conjecture for classical groups of 
Hermitian type over p-adic local fields. 

For groups of skew-Hermitian type, some preliminary work has been 
done in IGJRSll] . using Fourier- Jacobi periods. Further work is in 
progress, including the work of X. Shen in his PhD thesis in Univer- 
sity of Minnesota, 2013, which has produced two preprints |Snl2] and 
|Snl3] . A parallel theory for this case will also be considered in future. 

In Section 2, we introduce a family of Eisenstein series, which is 
needed for the construction of the family of global zeta integrals, and 
discuss the family of Bessel periods which are needed to formulate the 
family of global zeta integrals. In Section 3, we unfold the global zeta 
integrals and prove that they are eulerian. In Section 4, we do the 
explicit calculations for local zeta integrals with unramified data to 
produce the unramified local L-factors of the tensor product type, fol- 
lowing the argument of |GPSR97] . The main global result is Theorem 
4.12, which is started at the end of Section 4. The ideas and methods 
used in the proofs in this paper will be described with more details 
in each section, which are essentially the extension of those used in 
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|GPSR97] for the orthogonal group Gn and with r = 1 to the general- 
ity considered in this paper. 

2. Certain Eisenstein series and Bessel periods 

We introduce a family of Eisenstein series which will be used in the 
definition of a family of global zeta integrals, representing the family 
of the product of the tensor product L-functions as discussed in the 
introduction. The global zeta integrals are basically a family of Bessel 
periods of those Eisenstein series. We recall first the general notion 
of the Bessel periods of automorphic forms from |GPSR97] . |G JR09] . 
jBSOQ] and |GRSllj . 

Let F be an number field. Define E = F or E = F{y/p), a quadratic 
extension of F, depending on that the classical group we considered is 
orthogonal or unitary, accordingly. It follows that the Galois group of 
E/F is either trivial or generated by non-trivial automorphism x ^ x. 
The ring of adeles of F is denoted by A, while the ring of adeles of E 
is denoted by A^;. 

Let be a E'-vector space of dimension m with a non-degenerate 
quadratic form ii E = F or a non-degenerate Hermitian form (also 
denoted by g^) if = F{^). Let U(g^) be the connected component 
of isometry group of (y,qy) defined over F. It follows that U(g^) is a 
special orthogonal group or a unitary group. Let rh = Witt(K) be the 
Witt index of V. Let be a maximal totally isotropic subspace of V 
and V~ be its dual, so that V has the following polar decomposition 

V = V+®Vo® V-, 

where Vq = (V^ © V^)-'- denotes the anisotropic kernel of V. We 
choose a basis {ei, 62, ... , em} of and a basis {e_i, e_2, . . . , e_m} of 
V~ such that g^(ej, e_j) = 6ij for all I < i,j < rh. 

We assume in this paper that the algebraic F- group U(g^) is F- 
quasi-split. Then the anisotropic kernel Vq is at most two dimensional. 
More precisely, when E = F, if dim^; = m is even, then dim^; Vq is 
either or 2, and if dim^ V = m is odd, then dim^; Vq is 1; and when 
E = F{y/p), dimE Vq is or 1 according to that dim^; ^ = m is even 
or odd. 

When dimVo = 2, we choose an orthogonal basis {e'^\e'^^} of Vq 
with the property that 

where c G is not a square and q^^ = q^l^^. When dimVo = 1, we 
choose an anisotropic basis vector cq for Vq. We put the basis in the 
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following order 

/o 1 \ (1) (2) 

l^^.i ) Ci, 62, ■ ■ ■ , d-m-i 6q , Cq , e—in-i ' ' ' , C— 2) 6—1 

if dime Vq = 2; 

(2.2) 61,62,..., 6rh, Co, e_^, • • • , e_2, e_i 
if dim^ Vq = 1; and 

(2.3) ei, 62, . . . , efa, e-m-, ■■■ , e-2, e_i 
if dime Vq = 0. 

With the choice of the ordering of the basis vectors, the F-rational 
points \J{qy){F) of the algebraic group U(g^) are realized as an al- 
gebraic subgroup of GLm(E). Define n — [y] and put Gn — U(gf^), 
which is the same as given in the introduction. From now on, for any 
F-algcbraic subgroup H of Gn, the F-rational points H{F) of H are 
regarded as a subgroup of GLm{E). Similarly, the A-rational points 
H{A) of H are regarded as a subgroup of GL^(Ae). 

The corresponding standard flag of V (with respect to the given 
ordering of the basis vectors) defines an F-Borel subgroup B. We may 
write B = TN with T a maximal F-torus, whose elements are diagonal 
matrices, and with N the unipotent radical of B, whose elements are 
upper-triangular matrices. Let Tq be the maximal F-split torus of Gn 
contained in T. We define the root system $(To,G'„) with the set of 
positive roots $"'"(To,G„) corresponding to the Borel subgroup given 
above. 

Let be the totally isotropic subspace generated by {ei, 62, ... , e^} 
and Pi = M^Ui be a standard maximal parabolic subgroup of Gn, which 
stabilizes V^"*". The Levi subgroup Me is isomorphic to GL(V^"'") x Gn^e. 
Here GL(\//) = Res£;/F(GL^) and Gn-i = ^{Qw^) with q^^ = q^\^^ 
and We = {V^~^ ®Vf)^. 

Let £ :— [£i£2 ... -^j,] be a partition of £. Then = MeUi is a standard 
parabolic subgroup of Rese/fGL^, whose Levi subgroup 

Me ^ ResE/fGL^ x ResE/pGLe^ x • • • x Rbse/fGU^. 

2.1. Bessel periods. Define to be the unipotent subgroup of G„ 
consisting of elements of following type. 



(2.4) Ne^ln^ \ Im-2e y' \ eGn\zeZ, 




where Ze is the standard maximal (upper-triangular) unipotent sub- 
group of ResE/j?GL^. It is clear that A^^ = U^itj where [1^] is the parti- 
tion of £ with 1 repeated £ times. 
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Fix a nontrivial character ipo of F\Af and define a cliaracter ip of 

E\Ae by 



(2.5) ip{x) :-- 



M^) ifE = F; 



Then take wq to be an anisotropic vector in Wi and define a character 
of by 

(2.6) V'^,«;oW := + g^y^(?/£,Wo)), 

i=l 

where is the last row of y in n G A'"^ as defined in (12.41) . which is 
regarded as a vector in W^. 

If £ = m, ipi^wQ is a generic character on the maximal unipotent 
group = Nfa- We will not consider this case here and hence we 
always assume that C. <m from now on. 

For K G -F^, we choose 

(2.7) w, = y^ = e^ + {-ir+^'^e_rn, 

which implies that q{yK,yK) = (— l)™^^/? and that the corresponding 

character is 

(2.8) 

e-i 

IpeA^) = i^t,wo{n) = 'ipC^ Zi^i+i + yi^fn-i + (-l)™+^-y£,m-m-£+l)- 

i=l 

The Levi subgroup M[i«] = (Res£;/i7'GLi)^^ x normalizes the 

unipotent subgroup Ni by the adjoint action, and acts on the set of the 
characters V^^.k, with k G -F^, of Ng{F). The M[i£](F)-orbits are classi- 
fied by the Witt Theorem and give all F-generic characters of Ni{F). 
The stabilizer of i^e^wo in the Levi subgroup Mjif] is the subgroup 



(2.9) Li^^^ = S \ ^ \ e Gn\ lJm-2eWo = Jm-2eWo } = Hn-tj 

h 

where H„_f is defined to be U(o , ) with q , = a, J , , and Ju 

is the k X k matrix defined inductively by Jk = ( ^) and Ji = 1. 
Define 

(2.10) Re,^, := i/„_,iV, = U(g^^^^^JiV,. 
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Note that dim^; V and dim^; WedWQ have the different parity. If £ = 0, 
the unipotent subgroup Nq is trivial and we have that 

Wlien taking wq = y^, we will use the notation ipi,y^ = ipe,K, L^^y^ = Li^,^ 
and Re^y^ = Re,K, respectively. 

Let (f) be an automorphic form on G„(A). Define the Bessel- Fourier 
coefficient (or Gelfand-Graev model) of by 

(2.11) B^^-o(^)(h):= [ 0(n/i)^7:^(n)dn. 

JNe{F)\Nt(A) 

This defines an automorphic function on the stabilizer Li^^g{A) = 
Hn-i{A). Take a cuspidal automorphic form ip on Hn-e{A) and de- 
fine the ('i/'^^^g, V5)-Bessel period or simply Bessel period of by 

(2. 12) V^''-" (0, </?):=/ B^'-^o (0) {h)ip{h) dh. 

We will apply this Bessel period to a family of Eisenstein series next. 

2.2. Eisenstein series. We follow the notation of |MW95] to define 
a family of Eisenstein series. Let Pj = MjUj be a standard maximal 
parabolic F-subgroup of (?„ with the Levi subgroup 

Mj = ResE/F{GLj) x Gn-j, 

for some j with I < j < rh. When j = m, the group Gn-m disappears, 
if dimis V^) = 0, or dimi? Vq = 1 and E = F. Following |MW95l Page 5], 
the space Xmj of all continuous homomorphisms from Mj{A) to C^, 
which is trivial on Mj(A)^, can be identified with C by the mapping 
Xs ^ s, which is normalized as in |ShlOj . 

Let r be an irreducible unitary generic automorphic representation 
of GLjIAe) of the following isobaric type: 

(2.13) r = rifflr2ffl---fflrr, 

where j = [jij2 ■ ■ -jr] is a partition of j and Xj is an irreducible uni- 
tary cuspidal automorphic representation of GLj.{AE)- Let a be an 
irreducible automorphic representation of G„_j(A), which may not be 
cuspidal. Note that a is irrelevant if j = m and the group Gn-m 
disappears. Following the definition of automorphic forms in |MW95t 
1.2.17], take an automorphic form 

(2.14) = (Pr^„ e AiUj{A)Mj{F)\GniA)\^^. 
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For \s G Xm^, the Eisenstein series associated to (f){g) is defined by 

(2.15) E(0, s){g) = E{<Pr^„, K){g) = Yl ^s^Sg). 

5ePj{F)\G„iF) 

It is absolutely convergent for Re(s) large and uniformly converges for 
g over any compact subset of Gn{A), has meromorphic continuation to 
s G C and satisfies the standard functional equation. 

Recall that Hn-e is defined to be U(q , ) and that dimK V and 

dim^; WiHiUQ have the different parity. Let vr be an irreducible cuspidal 
automorphic representation of Hn-e{A) and take a cuspidal automor- 
phic form 

(2.16) if e AoiHn-iiF)\Hn-eiA))^. 

The global zeta integral Z{s, (j)r(g)a,<^TT,'ipe,wo) is defined to be the 
following Bessel period 

(2.17) Z{s,^^,(f)r^^,^e,yjo) ■.= V^''-o{E{(j)r^^,s),ip^). 
Because ip-,, is cuspidal, it is easy to see that the following holds. 

Proposition 2.1. The global zeta integral Z{s,(f)r^cr,'PTT,4'i,wo) con- 
verges absolutely at any s G C when the Eisenstein series E{(j)r^cr,s) 
has no pole at s and hence is holomorphic, and has possible poles at 
the locations where the Eisenstein series has poles. 

3. The eulerian property of the global integrals 

We prove here that the global zeta integral Z{s, (pT^cn V-ki 4'£,wo) will 
be expressed as an eulerian product of local zeta integrals. When j = 
n = l^], such global zeta integrals with generic vr have been studied in 
|GRSllt Chapter 10]. Hence we assume from now on that j < n and 
also i < m < n. 

Recall from fl2.17p that Z{s, 4>r(^a, '^n, i^tm) is the (^/^^^^q, V9^)-Bessel 
period of the Eisenstein series E{(f)T-f^„, Xs){g), which is given by 

(3.1) f B'^^'-o (E(0.«,, s)){h)ip^{h) dh, 

where the Bessel-Fourier coefficient S'^'^-^o (£^(0^^^, s))(/i) is given, as 
in fim]) . by 

(3.2) B^''-o{E{(j)^^^,s)){h):= [ E{(f)^^^,s){nh)iJil^{n)dn. 

J Ni,iF)\Ni{A) 

We first calculate the Bessel-Fourier coefficient S'^^-^o (i<;(0^^^, s)). 
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3.1. Calculation of Bessel-Fourier coefficients. In order to calcu- 
late the Bessel-Fourier coefficient yB'^^-^o [E[(j)T-^„, s)), i.e. the integral in 
(13.21) . we assume that the Re(s) is large, and unfold the Eisenstein se- 
ries. This leads to consider the double cosets decomposition Pj\Gn/P£, 
whose set of representatives €^,13 is explicitly given in |GRSllt Section 
4.2]. In our situation, we put it into three cases for discussion. 

Case (1): Gn is not the F-split even special orthogonal group. In 
this case, the set of representatives ea,i3 of the double coset decom- 
position Pj\Gn/Pe is in bijection with the set of pairs of nonnegative 
integers 

(3.3) {{a, f3) \ < a < f3 < j and j < i + P - a < rh} . 

Recall that rh is the Witt index of {V, q^) defining Gn- 

Case (2-1): Gn is the F-split even special orthogonal group and 
i + f3 — a<rh = n. In this case, the set of representatives e^^^ of 
the double coset decomposition Pj\Gn/Pe is in bijection with the set 
of pairs of nonnegative integers 

(3.4) {{a, (5) \ < a < P < j and j < i + (5 - a < mm{n - 1, m}} . 

Case (2-2): Gn is the F-split even special orthogonal group and 
i + P — a = n. In this case, there are two double cosets corresponding 
to each pair (a,/?), and hence we may choose representatives ea,i3 and 

13 = uigea pWq of the two double cosets corresponding to such pairs 
(a,/3). 

In all cases, we denote by Pl"''^ := t^^pPjta^p H Pi the stabilizer in 
Pi, whose elements have the following form as matrices in GLm(-E'): 





a 


Xi 


X2 


yi 


2/2 


2/3 




Z2 


^3 \ 







h 


X3 





2/4 


Vb 







4 










C 








2/6 








A 










d 


u 


V 


y'. 


2/5 


2/3 













e 


u' 





2/4 


y'2 
















d* 








y\ 
















c* 




X2 



















h* 


x\ 


v 




















a* j 



where the block sizes are determined by a, a* G GLq,, 6, 6* G GL^_Q,_j+^, 
c, c* G GLj_^, d,d* G GL^_Q,, and e G GLm_2(£+^-a)- In case i = 0, 
GLj disappears. 
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The stabihzer in Pj consists of elements of the following form, which 
are the indicated matrices conjugated by wi: 



(3.6) g 





a 


yi 




Xi 


y2 


Z2 


X2 


ys 


zs \ 







d 







u 







V 


y's 










c* 
















X2 










h 


1/4 


Za 


X3 


Z/s 


4 













e 


y\ 





u' 


y'2 
















b* 
























c 


1/6 


A 





















y'l 


I 




















a* J 



with the block sizes as before and being the t-th power of the el- 
ement Wq for t = j — f3. Also, when (V, 
when E = F and (V, g^) is of odd dimension, 
E = F and anisotropic kernel (Vq, g. 



is Hermitian, Wg 



when 



is of dimension two, take Wg 



diag(Jm, Wq, Irh), where = diag{l, —1}; and finally, when E 



g1 '-'--^'--^ ^g 

the anisotropic kernel (Vq, q 

Note that i,j < n 



F and 



m—li W gi /j7i_i). 



where 



is a zero space, take Wg = diag(/; 

where m = dim e V 



and m is the Witt index of V. 

In Case (2-2), i.e. G„ is the F-split even special orthogonal group 
and i + (3 — a = fh, we have two double cosets corresponding to each 
pair (a,/3). For the double coset Pjea^/sPt, we get exactly the same 
form for the stabilizer as above. For the other double coset Pjia^/^Pe, 
the stabilizer in P^ consists of all elements of the form {g'f'^^)'^''- 
To continue the calculation, we consider further double cosets de- 
dim r V 



composition P^°'''^\P£/ R^^^g. Recall that H„ 



Hn-fNf with 



and dim^; We fl Wq have the different parity, and Re^wo 
Hn-e — Li^^g. By |GRSllt Section 5.1], we may choose a set of repre- 
sentatives of form: 



(3.7) 



V. 



e,7 •- 



7 



where e is a representative in the quotient of Weyl groups 

\Wgu 

and 7 is a representative P^\Gn^e/ Hn^i, where P^ is the maximal 
parabolic subgroup of Gn-e defined as follows. 
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In Case (1) or Case (2-1), i.e. when G„ is not the F-spht even 
special orthogonal group or when Gn is the F-split even special orthog- 
onal group with £ + /3 — a < n, then P!^ is the parabolic subgroup of 
Gn-i, which preserves the standard f3 — a dimensional totally isotropic 
subspace V/'p_^ of Wi, where 

(3.8) Vf^f = Span^; {e±(e+i), • • • , e±(^+/)} , 

for a possible integer /. 

In Case (2-2), i.e. when Gn is the F-split even special orthogonal 
group with £ + (3 — a = n (with j, i < n), then, when w = ea,i3, is the 
parabolic subgroup of Gn-i, which preserves V^j^_^] and when w = ia^p, 
P!^ is the parabolic subgroup of G„_f, which preserves WgV^"^.^. 

Denote the stabilizer in Hn-t of the double coset P^7if„-£ with rj^^^ 
as defined in (13. 7p by 

(3.9) Hl-\ = Hl^, = Hn-e n T^'i^^T = Le,^o n ^''PLl- 

With the above preparation, we are ready to calculate the Bessel- 
Fourier coefficient B'^'^''^o (E{(j)r^„, ^)){h) by assuming that Re(s) is large 
so that we are able to unfold the Eisenstein series. 

B^''^o{E{(f), s)){h) 

E{(f), s){nh)ij^l^^{n) dn 

= V / V X(f){ea^fi6nh)^ll^{n) dn, 

. J Ne(F)\Ne(A) , o 

where £j^(, is the set of representatives of Pj{F)\Gn{F)/ Pg{F). Set 
■^a,0,i,wo to be the set of representatives of P^"''^ {F)\Pe{F) / Ri^u,^{F) 
and deduce that the above is equal to 

^ ^ / X(f){ea,pr]6nh)ilj^l^^{n) dn. 

e.,, V^^.,p,e,^o S^Rl^^iF)\R,,^^iF) 

Since Ri^wo = Hn-eNi, by re-arranging the summation in 6 and the 
integration of dn, we obtain that the above is equal to 

/ \(f){ea,pr]6nh)ij} 



NeiF)\NeiA) 
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By factoring the integration of dn, we obtain that when Re(s) is large, 
the Bessel- Fourier coefficient B^'^''^o(^E{(f)r(^„, s)){h) is equal to 

(3.10) y2 / \(j){ea,pr]6unh)i)jl^{un)dudn. 

In order to determine the summands in f l3.10p , we need the following 
two lemmas, which are the global version of Propositions 5.1 and 5.2 
in IGRSlll Chapter 5]. 

Lemma 3.1. If a > 0, then the inner integral in fl3.10p has the fol- 
lowing property: 



J 

Jn] 



>^4>{(^a,l3iiunh)ilj^l^{un) du = 

lN^{F)\N^(A) 

for all choices of data. 

Proof. If there exists a simple root subgroup U of Zi such that eUe~^ 
lies inside Ua,£-a-t,t for some e G W^GUxGLf_,_txGLA^GL,, then the 

subgroup ea,f5Ve,-yU{e 

a,i3f]<i,j) li^s inside Uj. Since the automorphic 
function X(j) is invariant on Uj{A) and ipe^wo is not trivial on U{A), 

/ X(j){ea,i3r]zunh)iljjl^{z) dz 

JuiF)\U{A) 

= X(f){ea,i3riunh) ■ / ^p^^{x)dx 



is identically zero. 

If for each simple root subgroup U of GL^, eUe~^ does not lie inside 
Ua,e-a-t,t, then according to |GRSlll Lemma 5.1], we choose, under 
the action of the Weyl group of Ma,e-a-t,t, 

( la 

(3.11) e = 

Since a 7^ (£ < m), we choose a nontrivial subgroup S of 
consisting of elements of form 

(h-a \ 

la y * 

Im-2l y' 
la 

\ h-aj 

where {yi y2 m) = (Orx(/3-a) 1/2 y3)(w^*'7)"\ and y2 and y^ are of size 
ax {m — 2{i + (3 — a)) and ax {/3 — a), respectively; and when G„ is 
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split, even orthogonal, I + [3 — a = n and the representative w = e^''^, 
we have that t' = 1, otherwise, we always have that t' = 0. Since Wq is 
anisotropic, wq is not orthogonal to Vq © ^j3-o ipi^wo is not trivial 
on S{A). By f l3.6p . we have {€a,i3Ti^^^)S{ea,i3rie,-y)~^ lies inside Uj and 
then 

\<p{ea,f}^xunh)i)jl^^{x) dx 

S{F)\S{K) 

JS{F)\S{K) 

is identically zero. This proves the lemma. □ 

By Lemma ISTTl and fl3.10p . when Re(s) is large, the Bessel- Fourier 
coefficient S'^'^^'^o A))(/i) is equal to 

(3.12) / / X(f){eo^(3ri6unh)'iljjl^{un) du dn. 

In particular, we may choose the e in (13. lip , which is part of the repre- 
sentation 1]^^^ in (13. 7p . to be of the form: ^ = , Note that e 

is one of the representatives of Wph^ x GU_^_t x g l A^g l, ■ The following 
lemma will help us to eliminate more terms in (I3.12p . 

Lemma 3.2. If P > max {j — i, 0} and 'ywo is not orthogonal to Vf^ 
for 'y G P'^\Gn-i/ Hn^i, then the inner integral in (I3.12p has the prop- 
erty: 

X(f){eo,i3r]e,'rUnh)ij^l (un) du = 

N^{F)\N^{A) 

for all choices of data. 

Proof. Consider the subgroup S of consisting of elements of form 
/It \ 

h-t y * 

Im-2£ y' 
h-i 

where y = (0(^_t)x(m-2^-/3) y5)i''^gl)~^ with t' as defined before, and 
?/5 is of size (d -t) x [5. By £ - t = £ - j + /3 > and /3 > 0, 1/5 is 
not trivial. Since 7^0 is not orthogonal to V^"^, ipi^wo is not trivial on 
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S{Ap). By f l3.6p . is invariant on (eo,/377£,7)5'(A)(eo,/3?7e,7)~"'^. it follows 
that as an inner integration, the following integral 

JS{F)\S{A) 



Js{F)\S(A) 

is identically zero. This finishes the proof. □ 

We summarize the above calculation as 

Proposition 3.3. For Re(s) large, the Bessel-Fourier coefficient of the 
Eisenstein series, B'^''^o{E{(j)rm,^)){h), IS equal to 

VV V / / \(t){epri5unh)^^jl^^_^{un)dudn, 

n 5 JN^W\Ne(A)JN^(F)\N^{A) 

where 

• ^13 = eo,/3 G Sj^e, the set of representatives of all double cosets 
in Pj{F)\Gn{F) / Pf{F) , with a = and the properties that 
if (3 > max {j — i,0}, then 7^0 is orthogonal to Vf^ for 7 G 
Pl,{F)\Gn-i{F)/Hn-i{F); or otherwise, (3 = max{j'- £,0}; 

• rj = diag(e, 7, e*) belongs to with a = 0, the set of repre- 
sentatives of P^^ {F)\Pi(F) / Ri^wg{F) with e = ^^-t^ fj^^^ 

t = j- P; 

• 5 belongs to Hl^,{F)\H^_,{F) . 

We are going to apply the formula in Proposition 13.31 to the calcula- 
tion of the global zeta integral Z{s, (pT(^a, fn, i'e,wo) and use the cuspi- 
dality of ip.,, to prove that the global zeta integral Z{s, (pT(^a, fn, 4'e,wo) 
is eulerian. 

3.2. Global zeta integrals. By applying Proposition [3]3] to the global 
zeta integral in (13. ip . we get 

(3.13) 

B^'-o{E{<f)r^^,s)){hMh) dh 

H„_e{F)\H„_t{A) 

ip{h) I 

N^{A)\Nt{A) J[N] 



^ / ^{h) / / \(j){ti37]5unh)il}(^\{un) dudndh 

ef,;v;S^^""-^^ JN^mNi{A)J[N^] 
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where [Hn-,] := ff„_£(F)\iJ„_,(A) and [N^] := N^iF)\N^{A); and 
the summations Ylep-rj-s other conditions for the representatives 
are given in Proposition 13.31 

We combine the summation on 6 and the integration dh and obtain 

that Z(s,0^^^,v?7r,^£,t«o) is equal to 
(3.14) 

y / / / \(j){tpr]unh)'il>jl^{un) dudndh, 



where the integration is over N^{A)\Ni{A). The following lemma 
is to make use of the cuspidality of (fT^. 

Lemma 3.4. Let a = and 'y be a representative in P^\Gn-e/ Hn^£. 
For a representative rj = t]^^^, if the stabilizer is a proper maximal 
parabolic subgroup of Hn-e, then the corresponding summand in fl3.14p 
has the property: 

I ^{h) / / \(j){epr]^^^unh)il)^lj^{un) dudndh = Q 

J Hll_,{F)\H„.i{A) JnJ[N'^] 



for all choices of data. 

Proof. Let H^_i = M'U', where U' is the unipotent radical of the 
parabolic subgroup H^_(^ of i^„_£. Since is left-invariant with respect 
to the image under the adjoint action by eo,^'7e,7 of the unipotent radical 
f/'(A) of Hl_^{k), we deduce that 



/ rvj I I ■ -T \-^J-lt,'y J-Tfwn^ 



ip{h) / / X(f){ei3r]^^^unh)4!^l (un)dudndh 




ip{u'h)du' I I X(f){ei3rj^ .yUnh)^p^l^^{un) dudndh 

hJ[U'] JnJ[N^] 



where is over M'(F)[/'(A)\i7„_<;(A). By the cuspidality of vr, we 
have that 

/ (p{uh) du = 0, 

Ju'{F)\U'{A) 

and hence the whole integral is zero. This proves the lemma. □ 

By Proposition 13. 3[ the representatives have the restrictions that 
either /3 = max{0, j— or /3 > max{0, j— with being orthogonal 
to 14;^ for 7 e P'^{F)\Gn-i{F) / Hn-t{F). Next, we discuss the double 
cosets decomposition 7 G P!^{F)\Gn-i{F) / Hn-i{F) . 
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Lemma 3.5 (Proposition 4.4, |(;RSllj ). Let X be a non-trivial totally 
isotropic subspace of We and P be the maximal parabolic subgroup of 
Gn-e preserving X . Then 

(1) If dimEX < WittiWe), then the set P\Gn-e/ Hn-e consists of 
two elements. 

(2) Assume that Witt(w^) = dim^^X = Wiii{We). 

(a) If Gn-e is unitary, then P\Gn-e/ Hn-i consists of two ele- 
ments. 

(b) // Gn-e is orthogonal and dimWe > 2dimX + 2, then 
P\Gn-e/ Hn-e consists of two elements. 

(c) If Gn-e is orthogonal and dimWe = 2dimX + 1, then 
P\Gn-e/Hn-e consists of three elements. 

(3) If dimEX = Witt(iy^) and Witt(u;^) = dim£;X - 1, then 
P\G n-e/ Hn-e consists of one element. 

(4) IfdimEWe = 2dim£;X, then Witt(wo) = dimX — 1, and, in 
particular, P\G n-e/ Hn-e consists of one element. 

We consider the case when Gn-e is not the F-spht even orthogonal 
group or the case when Gn-e is the F-spht even orthogonal group with 
i -\- P < n. In these cases, we must have that dimX = /3. 

If £ -\- (3 < rh, then P^\Gn-e/ Hn-e consists of two elements. It 
remains to consider that £ + /3 = m. If £ + /3 < n, we must have that 
i + /3 = rh < n and hence Gn-e can not be the F-split even special 
orthogonal group. 

In this case £ + /3 = m < n, if Gn-e is an F-quasisplit even unitary 
group, then Witt(Vr£ n y^) = Witt(Vr^) - 1 and Pl,\Gn-e/Hn-e has 
only one element; if Gn-e is an odd special orthogonal group, then 



and if Gn-e is an F-quasisplit even special orthogonal group (with 
dimVo = 2) or an F-quasisplit odd unitary group, then 



It remains to consider the case when Gn-e is an F-split even special 
orthogonal group with i -\- (3 = n. In this case, P!J\Gn-e/ Hn-e consists 
of two elements. 

Then, we apply Lemmas 13.41 and 13.51 to find the nonvanishing sum- 
mand in the summation (I3.14p . 
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For max{0,j — i} < (3 < rh — i, P^\Gn~e/Hn-^e consists of two 
elements 71 and 72 such that 7itfo is orthogonal to Vf^ and 72^0 is not 
orthogonal to V^"^. If •ywo is orthogonal to V^"^, the stabilizer H'^_i = 
Hll_i is a maximal parabolic subgroup of which preserves the 

isotropic subspace V^"^ fl Wq. 

In this case, by Lemmas 13.21 and 13.41 there may be left with nonzero 
summands in the summation (13.141) . which are with the representative 
e/3 for P = max{0, j — i} and with the representative 1] = rj^^^ having 
the property that 7^0 is not orthogonal to Vf^. 

For P = rh — i, there are six different cases. Also, we have that 
(3 = m — i > max{0, j — i}. 

If Gn is the F-split even special orthogonal group, then there are two 
(Pj, P£)-double cosets corresponding to the pair (0,/3) and the chosen 
representatives are eo,/3 and eo,/3. For these two cases, their stabilizer 
preserves two maximal isotropic subspace of Wi with different orien- 
tations, and P!J\Gn-il Hn-e. consists of one element in both cases with 
its stabilizer H'^_^ = H^_i being a maximal parabohc subgroup. Hence 
by Lemma [3.41 the corresponding summands are all zero. 

If Gn is not the F-split even special orthogonal group and Witt(M/^n 
Vk) = Witt(lV^) — 1, there is only one double coset whose stabilizer 
is a maximal parabolic subgroup of Hn-i- Hence by Lemma 13.41 the 
corresponding summand is zero. 

If Witt{Wi n y^) = Witt{Wi) and G„ is the odd unitary group or 
F-quasi-split even special orthogonal group, the stabilizers are similar 
to the case (3 < rh — £ as discussed above. Hence by Lemmas 13.21 and 
13.41 the corresponding summands are all zero. 

If Gn is the odd special orthogonal group and Witt(iy£ fl y^) = 
Witt(iy^) — 1, then P^\Gn-i/Hn-£ consists of three elements and the 
representatives are chosen in |GRS1H (4.33)]. Two stabilizers are max- 
imal parabolic subgroups of Hn-i, and the third representative 7 satis- 
fies the property that 7W0 is not orthogonal to V^^. Hence by Lemmas 
13.21 and 13. 4[ the corresponding summands are all zero. 

By the discussions above, we deduce that the corresponding sum- 
mands are all zero, because of Lemmas 13.21 and 13.41 

In conclusion, we are left with the case where /3 = max{0, j — £} and 
7 with the property that the corresponding stabilizer is not a proper 
maximal parabolic subgroup of i.e. •ywo is not orthogonal to V^"^. 

In this case, the representative 77 = rj^^^ is uniquely determined by 
(3 = max{0, j —£}■ In fact, if j < i, then f3 = 0. It follows that r] = r]^^^ 
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with 7 = Im-2e and 
(3.15) 



and if j > i, then P = j — i. It imphes that rj = rj^ ^y with e = li and 



(3.16) 



7 



\ 



•■m-j 



•■m-j 



V 



ij-e 



J 



Therefore, we are left with only one summand in the summation (13.141) 
with the above representative, accordingly. 

Next we are going to write the only integral more explicitly and get 
ready to prove that it is eulerian in the next subsection. 

If j < ^5 then /3 = 0. In this case we have that = Gn-i and 
H2_i = Hn-^e with e and 7 given above. Then the global zeta integral 
in (I3.14P has the following expression: 



N^{A)\Ne{A) 



(3.17) 



\(l){eofir]unh)iJjf^l^ {un)dudndh 



where [Hn-i] := Hn-i{F)\Hn-e{^) and [iV;] := iV;(F)\iV;(A). The 
stabilizers are, respectively, given by 

/c 0\ 

b 1/4 Z4 
e y'4 
b* 

c* 



(3.18) 



r: 



v 



7 



with c, c* being of size j x j, b, b* of size {i — j) x (i — j), and e of size 
(m-2£) X {m-2i); and 

/c* 0\ 

6 ?/4 2:4 



(3.19) 



(eo,o^e,7)^£,«,o(eo,o^E,^ 



e 
6* 



V 



7 



with c G Zj and 6 G {Zf is the maximal upper-triangular unipo- 

tent subgroup of GLj.) 
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If j > i, then P = j — i. In this case, e = le and 7 is given in 
f l3.16p . The double coset decomposition P^^Gn-t/ Hn-£ produces two 
representatives which, as given in |GRSllt Section 4.4], are 7 = Im-2i 
and the 7 as given in fl3.16p . 

For the representative 7 = Im-2e, the corresponding stabilizer H^_^ 
is a proper maximal parabolic subgroup. Then, the corresponding in- 
tegral in fl3.14p is zero by Lemma 13. 4[ 

Now for the 7 as given in (13.161) . we have that the global zeta integral 
is expressed as 



N'J{A)\Nt{A) 



(3.20) 

where 



(3.21) V-'Rl^,Ve,, 



\(l){ej3r]unh)^i l^^ (un) du dn dh 



N^{F)\N^{A). The stabilizers are given, respectively, 

fc Vq 0\ 

d u V y'^ 
e u' 
d* 

c* 



\ 



7 



with c, c* being of size i x i, d, d* of size {j — i) x {j — 
(m — 2j) X (m — 2j); and 

fd 



and e of size 



(3.22) 



eo,/3^.,7)^Lo(eo,/3^?.,7) ^ 



V 



c* 
e u' 

c ye 
d*J 



where c E Zi. 

We conclude this subsection with the following proposition which 
summarizes the calculations discussed up to this point. 

Proposition 3.6. Take notation as given above. If j < i, then /3 = 
and the global zeta integral has the following expression: 



Z{s,4>r(Sa,'^n,i't 



woJ 



iV;(A)\7Vf(A) 



X(l){eofir]unh)ijjgl^ {un)dudndh 



where := i7„_,(F)\if„_,(A) and [N^] := N^{F)\N^{A); and 

with Tj = rj^^^ given explicitly above. If j > i, then (3 = j — i and the 
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global zeta integral has the following expression: 



\(j){eQ^pr]unh)il)jl^ (un) du dn dh, 

m 

where [N^] = N^{F)\N^{A); and with rj = rj^^^ given explicitly above. 

We are going to show that the global zeta integrals are eulerian based 
on Proposition 13.61 This is done for the two cases, separately. 

3.3. Eulerian products: < i < j case. In this case, we have that 
(3 = j—i. By Proposition l3.6l the global zeta integral Z{s, 0r0o-, V'tt, 4'i,wo] 
is equal to the following integral 
(3.23) 

(p{h) / / \(j){eQ^j3rjunh)il)jlj {un)dudndh, 



Hl-iiP)\Hn-e{A) J n;\A)\Ni,{A) J[7V;'] 

where [N^] = Nl!{F)\N^{A); and with rj = rj^^^ given explicitly above. 
First, we want to understand the Fourier coefficient of A0: 

(3.24) / X^{eo,pr]uh)ij^l^{u)du. 

By conjugating the element e^^prj across the variable u and changing 
the variable by 

(eo,/3^?)M(eo,/3^?)"^ ^ z', 
the Fourier coefficient in f l3.24p reduces to 



(3.25) / \cl>{z'eo,^r^h)i^J^^^{{to,pv)-^z'{t,,pr^)) dz' , 
where = {eQ^pvi)N^{eQ^pvi)~^ , whose elements z' are of form 

(3.26) z' = (^^^ G ResE/FiGLj) 

with z G Zi, where g G R.esE/F{GLj) is identified with its embedding 
g = {g,Im-2j) into the Levi subgroup ResE/piGLj) x Gn-j of 
It follows from the choice of the representatives eo,^ and t] that the 
character has following expression: 

(3.27) ^-i^((eo,^r^)-i^"'(eo,^r^))=V^(^i,2 + --- + ^£.i,. + (-l)"^+^^|//3,i), 
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where z = {zej)exe- If we write elements z' of Z'^ as z' = (zi j.),x,-, then 



this character can be written as 



(3.28) V'z;,«(^') := ^((-l)'"+^-^^,;3+i + ^/3+i,/3+2 + ■ ■ ■ + 
In this way, the Fourier coefficient in (13.251) can be written as 



(3.29) 



0A ^ (^) ■- 



mz'h)^z'A^')dz'. 



Hence the global zeta integral Z{s,(f)r(g)a,fn,4'e,wo), which is expressed 

as in fl3.23p . is equal to the following integral 

(3.30) 



N^Ak)\Nt{k) 



Wz' K 1 

0A {^o,prinh)i)l^^{n)Andh, 



with 7] = r7e,7 given explicitly above. 

Next, we want to understand the structure of the subgroup H^_i- By 
dSD, = /7„_,n7-^P;7 with f] = r^,,^, and = G^^^nP;"'" is the 
parabolic subgroup of Gn-e, preserving the totally isotropic subspace 
as in (13. 8p . Denote by 



pj = p: n vHr^-ev'' = PLr\ ^H^^.a 



-1 



Then the elements of PJ are of form: 



(3.31) 



d di u Vi 
1 



u' 

1 d\ 

d* 



\ 



ij 



with di + (— l)"^"'"^|f 1 = 0, where di and vi are column vectors of size 
/3 — 1; d,d* are of size {(3 — 1) x (/3 — 1); and e belongs to Gn-j. Hence 
we have 



(3.32) 



p: 



(GL(V+,_J X G„_,) X [/"(V^i^i), 



where t^^(V^33-i) subgroup of U (Vfj3_i) consisting elements which 
fixes the vector 'yy^. Here f/(V^'^_^) is the unipotent radical of the 
parabolic subgroup P(V^'^_i) of G„_^ preserving the totally isotropic 
subspace 

Let (5/3- i,r) be the parabolic subgroup of Hn-e, which preserves the 
totally isotropic subspace {r]~^V^i^) fl of Wg fl and has the Levi 
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decomposition 

Qp-l,r] = -^/3-l,r?^/3-l,r?- 

Recall that the space fl has the polar decomposition 

where Wq is a non-degenerate subspace of fl y;^ with the same 
anisotropic kernel as WiHy^ and with dim^; Wq = dim^; Vq + 1 < 3. In 
particular, if = Vn = em+(-l)"'+^|e_^, then Wq = Span{y_^}®Vo, 
otherwise, Wq has Witt index 1. Then it is easy to check that 

iv~%~^p) = Spaia{erh-j+e+i, • • • , e^_i} = V^_p^f^_^, 

and 

-^^-1,77 



where Hn~j+i := U(g 



with 



Vro©V; 



It follows that 
and 

It is easy to check that 

V'w, = v,%_. ®Vo® V[-^^_^ = y^_, n n yi). 
Hence we have 

Putting together all these subgroups, we obtain the structure of 
(3.33) El_, = {GL{Vi_^^^_,) X U(g^_,^J) x Vi,.- 

Finally, we are ready to consider partial Fourier expansion of the 
cuspidal automorphic forms (f-,^ on if„_^(A). Let be the maximal 

unipotent subgroup of GL(yJ^_p consisting of elements of following 
type: 

//. \ 

d 



7]- 



\ 



V 



with d G Zj3_i. Then N^^ p_i = -Z'^^_]^Va_i,^ is a unipotent subgroup of 
Hn-t of the type as defined in (12.40 with the corresponding character 
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defined as in f l2.6p . but using It is easy to check that the corre- 
sponding stabilizer H^Z'j+i is equal to U(g ), which is isomorphic 

to G, 



n-j- 



Define Cp^i^^ := Vg-i.r; H Vg^^, which is also equal to 

{U e yg_i,^ \U - ern = 6^} 



and is a normal subgroup of H!!_n. It follows that 



where is the mirabolic subgroup of ResE/piGLfs) given by 



Going back to the expression fl3.30p of y^^, the inner 

integral 



(3.34) ^h):= I 0/-^(eo,^r^n/i)V^,;:^(n)dn 

lN^(Jk)\Ne{A) 



as function in h, is left C^_i ,,(A)-invariant. We recall that Ni consists 
of elements of form 



/c xi X2 X3 ye X4 X5\ 



•■m-j 



ij-e 



'm— 2m 



ij-e 



x^ 

X2 



where c & Zc and the stabilizer N"^ consists element of form 



/c 



1/6 0\ 





-^rh—j 
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Then N^\Ni is isomorphic to the subgroup consisting of elements of 
form 



X2 



X3\ 




v 



h) 



and is not trivial on X2. In details, V'^,«|7v;\Ar^ = 'i^{{x'i)t,j-t)- 
The stabilizer {eQ^pr\)'N'l{eQ^0r])~^ in Pj consists of elements of form 



V 



ye 



The integral domain N^\Ng under adjoint action of eo,/3^ is a subgroup 
Uj'^^ of t/j" (opposite of the unipotent radical Uj) consisting of elements 
of form 



(3.35) 



Xi 



\ 



X' 



2 

,/ 
1 



l-m-2j 
X2 



X 



\ 



Denote by ■j/'q+ij) the character over {eQ^pri)N^\N ^{eQi^rj)^^ ^ given by 
'^(j+ij)(n) = '^(nj+ij). Indeed, this character is associated to the 
negative root of the simple root — e^+i corresponding to the maximal 
parabolic subgroup P^. 

Recall that rj'^Cp-i^riV consists of elements of form 




1 








U 


1 



u 





\ 



hi 
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It follows that N"^ = Z"^ p_^Vi3-i^r] = ZpCp-i^j^. As a subgroup of Pj, 
the stabilizer {eQ^prf)N'^ p_^{eQ^pvi)~^ consists of elements of form 

u wi 



(d di 
1 







V 






d[ 
d*/ 



where d G Zi3_i. Note that (eo,/377)^/3(eo,/3r7)~^ consists of elements of 
the above form with all matrices being zero except d and di. 

It follows that the expression in f l3.30p of the global zeta integral 
Z{s, (l)T(gia, V'tt, '4^e,wo) is equal to 



(3.36) 



,{F)Ca^i,r,W\H„ 



$(/l) 



frrich) dcdh, 



[C,3- 



where [C^g.i,^] := C^_i,^(F)\C^_i^^(A), as before. 
We denote the inner integration by 



The integral in fl3.36p becomes 
(3.37) 



(Pn{ch) dc. 



i.vi 



^{h)^^^-'''' {h) dh. 

Now we are in the standard step in the global unfolding process using 
partial Fourier expansion along the mirabolic subgroup Pp. Both func- 
tions $(/;,) and Lp'~^i^-'^'^{h) are automorphic on -P^(A) and Lp^f''^'^{h) 
is cuspidal because of the cuspidality of if-Kih). Following the stan- 
dard Fourier expansion of cuspidal automorphic forms on general linear 
group ( |S74j and |PS79j . see also |JL12j ). we have 
(3.38) 

which converges absolutely and uniformly in g varying in compact sub- 
sets. Recall that the Bessel-Fourier coefficient with respect to ipp-i^y_^ 
is defined as in (12. lip by 



C/3 



d 



rfh 



(n) dn. 
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By using ( I3.38p . the expression f l3.37p of Z{s, (f)r(S)a,fn,i'e,wo) is equal 
to 



(3.39) 



<l>{h)B'^^-'-y-'^{^^){h) dh. 



' iF)H"^Z]+^ (F)Cp.r,,, {A)\H„_t(A) 

By pulling out the integration on Z i3{F)\Z 13(A) and using the fact that 

B'^'^-'^'y-i^(ip^)(h) is left (Z/3(A), '?/'^:':-^ ^_^)-quasi-invariant, the integral 

in fl3.39p is equal to 

(3.40) 



KZ]+,iF)Nl^_,{A)\H„^tO 

where N'^ p_i = Zf^Cfi-i^ri is as before and [Zp] := Z i3{F)\Z i^i^K) . 
The inner integration 



J\z«\ 



can be calculated more explicitly. By (13.340 . it is equal to 

(3.41) / / (j)\^''\eo^p7]nzh)i>jl,^{n)dni>p\ {z)dz. 

The element (eo,/3?7)2(eo./3^7)~^ is given as above. Combining this sub- 
group with N^, one obtains a subgroup (eo,^77)A^^^;3(eo,/3?7)~"'^ of Pj con- 
sisting of elements of form 

1 (z/e)/?,* 
c* 



(3.42) 



Define 



Then, 



c (z/6)*,/3 (ye)*, 

1 d[ 

d J 



J[Z,] 

where 4'Zj,k.{z) is given by 

(3.43) ^{-Zi^2 + (-l)'"+^-Z/3,/3+l + -2/3+l,/3+2 H ^^i-l,i) 
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with /3 = j — i. Hence, 

[Zp\ Jn^{A)\N,{A) 

Denote the last integral by 

Recall that the group [/~^ consists of elements of form (I3.35p . 

Therefore, we obtain, from f l3.36p and f l3.37p . that the global zeta 
integral ^^55^, v?7r, ^a«;o) equals 

/ / B^~^-^--^{^^){xh)JeA(j)^--){eo,^vxh) dxdh, 

Where [H^J := H:_,iF)\H:_,{A). 

Proposition 3.7 (Case (j > i)). Let E{(f)T-,^„, s) be the Eisenstein se- 
ries onGn{A) as in f l2.15p and it be an irreducible cuspidal automorphic 
representation ofHn-e{A) ■ The global zeta integral Z{s, (prmi V-^i 4'e,wo) 
as in (13. ip is equal to 

f f B^^-^-y-^{ip^){xh)Je,^{<f)^-'^){eo,fsVxh)dxdh 

J Rl^_,{A)\H„_,{A) J[Hl_^] 

wtthiHlJ ■.= Hl_,{F)\H:_,{k). 

In order to show the integral expression for the global zeta integral 
Z{s,(f)r(S)a,fn,4'e,wo) as lu Propositlou 13. 7[ it is enough to show that 
the inner integral 

(3.44) / B^^-^--'^{^^){xh)Je,^{<p^-'^){eo,^r]xh)dx 



is an eulerian product. In fact, for a fixed h, as a function in x, 
Ji,K{4'^^''^){,€.o^lir]xh) belongs to the space of automorphic representa- 
tion cr of Gn-j{k)- Hence, for a fixed h, this above inner integral is 
essentially the standard Bessel period for the pair (vr, a) as defined 
in (I2.12p . By the local uniqueness of the Bessel models ( [AGRSIO] . 
[5ZT2] . IJSZll] and also |GGP12j ). integral can be written as an 

eulerian product: 

(3.45) n < i^^,vm, JLM%7,.){eo,pVh) >G„_, • 
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Here the local pairing is a linear functional in the Horn-space 

HomG„_,(F.)(i3^""-'"' M ® a,, C) 

with Bu (tTj^) is the local Bessel functional of Hy. The local 

uniqueness of the Bessel models ( |AGRS10] . |SZ12j . |JSZllj and also 
|GGP12j ) asserts that the above Horn-space is at most one-dimensional. 
One can normalize the local pairing suitable at unramified local places, 
so that the eulerian product makes sense. Hence we obtain the follow- 
ing theorem. 

Theorem 3.8. Let E{(f)r^cr,s) be the Eisenstein series on Gn{^) as 
in (12.151) and let vr he an irreducible cuspidal automorphic represen- 
tation of Hn^e{A). Assume that the real part of s, Re(s), is large; 

and that ir and a have a non-zero Bessel period, i.e. V'^'^~'^'^-'^{ipT,, (fa) 
is nonzero for a some choice of data. Then the global zeta integral 
Z{s, (f)r^cr,^TT, "^£,100) is eulerian, i.e. is equal to 

n / <i3^-'"-^(^.,.)(/i),J-£,.((/'f^;j(6o,/3r//i) >G„_, dh, 

where the integration is taken over Rjjj_^{Fy)\Hn-£{Fjj) , and the prod- 
uct is taken over all local places. 

The main local result of the paper is to calculate the unramified local 
integral explicitly in terms of the local L-functions. For the purpose of 
our investigation of the global tensor product L-functions L{s,tt x r), 
it is enough to consider the case when j = i -\- 1. We define the local 
zeta integral Zy{s, (l)risia,'^TT,4'i,wo) to the local eulerian f-factor in the 
product in Theorem 13.81 which is 



(3.46) / < S^-^"-''(^^,,)(/i), J,,«(0f-;j(eo,/3r//i) >g„„, dh, 



where the integration is taken over _R^^_^(F„)\i7„_^(F^). 

Theorem 3.9 (L-function for case j = £ + 1). With all data being 
unramified, the local unramified zeta integral Zy{s,(f)r(S)a, fir, '4'£,wo) ^-^ 
equal to the following product 

L{s + |,r^,^0 7r^) 

.^^ L{s + 1, Ti,^ X a„)L(2si + 1, r,,^, Asai ® ^"^) 

where {fn, fa)G^_.(^F^) ^-^ independent with s. 



i-FUNCTIONS OF CLASSICAL GROUPS OF HERMITIAN TYPE 



29 



This theorem will be proved in Section 4. It is also interesting to 
understand the local zeta integrals when j > i + 1. We will come back 
to this issue in our future consideration. 

3.4. Eulerian product: j < i case. In this section, we consider 
the case j < i < m. By Proposition 13. 6^ we only need to consider 
the representative eo,o and rj£,i^_2i, where e is defined in fl3.15p . For 
simplicity, we denote hy r] = ri^,i,^_2i- 

By fl3.18p and fl3.19p . we decompose as ZjNj^e^j, where Zj is iden- 
tified as a subgroup of which is the maximal unipotent subgroup 
of GL{V+), and 



id. 



I V 



b* 



h G Z, 



of 



Note that Nj^-j is the unipotent subgroup of Gn-j as defined in (12. 4p 
and the character '^i^^ restricted on Nj^t-j is the character ^J^-j^n of 
the subgroup N^^j (of Gn-j) as defined in (12. 6p . which is denoted by 

'4^n—j,t—j;K- 



(3.48) Z(s,0^cg,^,v9^,V'£,«,o) 



jv;(A)\7v,(A) Jw 



\(f){eofir]unh)iJj^ ^ (un) du dn dh. 



where [Hn-i] := if„_,(F)\if„_^(A) and [N^] := iV;(F)\iV;(A). The 
inner integral 



(3.49) 



\(t){eoflriunh)i)f l {u) du 



can be written as the following integral 



\(f){eo^oricunh)i/j^l^{cu) dcdw. 

[Nj,i-j]J[Zj] 

Since r is generic, we have a nonzero Whittaker function 



\(t){zg)i)z,,K{z)dz, 
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where il'Zj,K is the restriction of ipe,K on Zj. Hence the inner integral 
fl3.49p can be written as 

(3.50) / \(l){eo^Qriunh)i)jl iu) du = i3'^"-i.^-^.«(0j^'''')(eo,or?^/i), 

where ;B'^"-j>*-j> is the Bessel period on the group Gn-j{^) with respect 
to the subgroup Nj^i_j and the character ipn-j/-j,K- 
Therefore, the global zeta integral has the expression: 

ip{h) / B'^"-J'^-^--{(l)l^''''){eo^oVnh)'ip^l^{n)dndh 

Proposition 3.10 (Case (j < £)). Let E^cj)^-^^, s) be the Eisenstein se- 
ries onG'„(A) as in f l2.15p andix be an irreducible cuspidal automorphic 
representation ofHn-e{^) ■ The global zeta integral Z{s, (pT(g)a, fv, 4'e,wo) 
as in (13. ip is equal to 



It remains to show that the global zeta integral in Proposition 13 . 101 is 
eulerian. To this end, we need to to switch the order of the integrations 
Ih and 1 in 

(p{h) / i3'^"-i.^-^.«(0^'''''')(eo,o?7n/i)?/'7^g(n) dnd/i. 

This can be deduced from the following lemma. 
Lemma 3.11. The automorphic function 

^{h)= / B^"-^''-^'-{4>l'''-^){eQ^or]nh)ij^l^{n)dn 

JN^{A)\Ne{A) 

is uniformly moderate growth on if„_^(A). 

Proof. The proof is similar to the orthogonal case in Appendix 2 to §5 
|GPSR97j . □ 

Since (Pt^ is rapidly decay, the global zeta integral is equal to 
(3.51) 

/ / ip{h)B'^"-^'t-3'^{(j)^''''^){eoflrinh)iljjl^^{n)dhdn. 

JN^{A)\Ne{A) J[H„_e] 
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Then the inner integral is an /J„_^(A) invariant pairing between vr and 
^-■'>(a). The local pairing is a linear functional in the Horn-space 



with B„ ' (cTj,) is the local Bessel functional of a,^. By the local 
uniqueness of the Bessel models and a suitable normalization at un- 
ramified local places, we can factorize f l3.5ip as follows 



Note that in this case, N^\N£ consists of elements of form 



V 



Xi 



X2 
Im-2l 



2^3 



X4 

X2 



The restriction of ■j/'^^k on N^\N£ is Under the adjoint action 

of eofiT], the integral domain N^\N£ is also denoted by f/^"^, which is a 
subgroup of the opposite U~ , consisting of elements of form 



le-j 



X 



\X4 Xi 



X2 



X3 



Therefore, the induced character on f/~/ is ip~^{nm-j,i)- 

We remark that in the family of global zeta integrals, we only use 
the case when j = i + 1 to calculate the local unramified zeta integrals 
to obtain the local L-functions as we needed. In all other cases, the 
global zeta integrals are eulerian. The unramified calculation will be 
taken up in our future consideration, and the potential applications to 
our explicit constructions of endoscopy correspondences as discussed in 
|J12j remain to be fully discussed. 



4. Unramified calculation and local L-functions 



In this section, we will calculate the local zeta integral for the case 
j = £ + 1 as defined in Theorem 13.91 over the unramified places. The 
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quasi-split orthogonal group cases were done in |GPSR97] . In the fol- 
lowing, we extend the idea and the method in |GPSR97] to the quasi- 
split unitary group cases. It turns out that the argument in this case is 
much more technically involved, due to the splitting of the unramified 
local place of the number field F to the quadratic extension E. 

To achieve the goal of this section, we reformulate the local zeta inte- 
grals through the paring of Bessel models in Subsection 4.1, including 
some general statements on the twisted Jacquet modules, which we 
recall from |GRSllt Chapter 5]. In Subsection 4.2, we discuss unram- 
ified representations considered in the local zeta integrals and their 
Satake parameters, with which, we define unramified local L-functions 
we need. In Subsection 4.3, we specify the local zeta integrals for un- 
ramified data by considering the cases when the unramified local place 

of F is split or not over E. By the Bernstein rationality, the un- 
ramified local zeta integrals are expressed as a rational function with 
respect to the parameters coming from the relevant representations. 
This rational function is explicitly calculated in Subsections 4.4 and 
4.5 and identified with the expected local L-functions. Hence we carry 
out the complete proof of Theorem 13.91 

Throughout this section, denote by v the local place of F . If v is 
inert, then Ey is the unramified quadratic extension of F^. If u splits 
over E, then E^ = Fy x Fy. For the simplicity of notation, most of the 
time, we will omit the subscript v from the corresponding notation. 
For instance, we may use F for the local field Fy and use vr for -Ky and 
so on, when there are no confusions. 

Let be the ring of integers of F, and fix a prime element vj of 
0. Let qp and qp be the cardinality of the residue fields of F and F, 
respectively. If z/ is inert, one has that qp = q]?, and if u is split, one 
has that qp = qp- We fix the normalized absolute values \x\f = \x\y 
for X E F, and \x\e = \xx\f for x G -E if is inert. 

When u splits in E, we need to write down more explicit structures 
of the unitary group Gn{F), which are needed for the unramified cal- 
culation of the local integrals. In this case, one may take that p = d? 
or y/p = d for some d G F^, and hence has that E = F x F. This 
isomorphism is explicitly given by the following mapping: for x,y E F, 

X ® 1 + y ® ^ h^{x + yd,x — yd). 

When X G F is taken to {xi, X2) E F x F, the corresponding absolute 
values are normalized so that = |xiX2|f- It follows that GLm(F) = 
GL„(F) X GL„(F) given by 



91^1 + 92^ y/p^ {gi + d92, 9i - d92)- 
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Then the unitary group Gn{F) consists of all elements g = gi ® 1 + 
g2® y/p^ GLm(E) satisfying 

{gi + dg2)Jm\gi - dg2) = Jm- 

The restriction of the above isomorphism to Gn{F) gives the isomor- 
phism: Gn{F) = GLm{F), given explicitly by 

(4.1) gi(S)l+ g2(S) y/p^ (gi + dg2, gi - dg2) ^5-1 + dg2. 

Next, we explain the data in the unramified local integral as needed 
for Theorem 13. 9[ We take a normalized parabolically induced repre- 
sentation 

n(r, a, s) = lndp^lp^\\ det \%t ® a), 

where r and a are irreducible admissible representations of GL j{E) 
and Gn-j{F), respectively. Let vr be an irreducible admissible repre- 
sentation of Hn-e{F). Recall that the unitary group Hn-e is defined in 
(12:91). 

When z/ splits in E, the induced representation n(r, a, s) can be 
made more specific. In this case, the representation r can be expressed 
as Ti ® r2, where Tj are irreducible representations of GL j{F). The rep- 
resentation a is an irreducible representation of GLfn-2jiF). The rep- 
resentation n(r, a, s) can be realized as the representation of GLm{F), 
induced from the standard parabolic subgroup Pj^rn-2j,j{F) with the 
following representation 

where gi,g2 E GLj{F) and g^ = J/g'^J'^. 

4.1. Local zeta integrals and twisted Jacquet modules. We in- 
troduce a local zeta integral in general at any local place, although only 
a special case will contribute to the proof of Theorem 13.91 

Let Wj be a Whittaker model attached to a nonzero member in the 
space 

HomcL, (F) {t, Ind^^(^^^ (V'z, ,«) ) • 
This produces a partial Whittaker function 

WAf) e Ind?;^J)lG„_,(F)Kt/,(F)(^^.'^ ® ^) 

for / G n(r, cr, s). As suggested by the global calculation in Section [3l 
we can formally define (over the open cell) the following function 

JU')ig)-= / Wj{f){eoj^ir]ug)^7^ ^ Ju)du. 



gi X y 
h z 

92, 



det (5(1) 



det (5(2) 
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Following the exact argument in Appendix 2 to §5 |GPSR97] , the inte- 
gral defining J^{f) is convergent for Re(s) sufficient large and is analytic 
in s. In addition, J7'(/) is a function on Hn-i{F) belonging to the space 

where a"'? is a representation of Gn-j{F) conjugated by wf^. 

Let -8/3-1 be a Bessel model attached to a non-trivial member in the 
Hom-space 

Hom^^„_,(^)(7r, Indfr^^J],^(^/^/3-i,?;_, ® 

where a is the dual of a. Let (■, be an invariant pairing of a and 
a. By the uniqueness of the local Bessel models ( |AGRS10] . |GGP12] . 
|SZ12j and |JSZ11] ). is unique up to a constant. We may define 
a pairing 

{J{f),B^.,{v)) = [ {J{f){h),Bp^^{v){h))^ dh. 

J Rl^_^,y^^{F)\H„_i{F) 

Lemma 4.1. The pairing {J'{f), Bi3-i{v)) is absolutely convergent for 
suitable data r and a, and Re(s) sufficiently large. 

Proof. The proof is similar to Theorem A of Appendix (I) to §5 in 
^GPSR97] . □ 

It is easy to check that this pairing, if exists, defines a linear func- 
tional of the Gross-Prasad type in the Hom-space 

(4.2) Hom A iIi{T,a,s) ®Ti,ilJt,n)- 

Again, by the uniqueness of local Bessel functionals, the dimension of 
this Hom-space is at most one, when H(r, a, s) is irreducible. Therefore, 
the local zeta integral is defined by 

(4.3) Z{s,f,v,ij,,,) = {J{f),Bp^i{v)), 

for / G H(r, a, s) and v & tt, which is proportional to the local zeta 
integral defined as an eulerian factor of the the global zeta integral as 
in Section 3. For the unramified data, we may normalize the pairing, 
so that this proportional constant is one. 

In order to proceed the explicit calculation of the local integrals, 
we have to understand those Bessel models involved in the local zeta 
integrals from the representation-theoretic point of view. This means 
to see more precisely the structures of those twisted Jacquet models. 
We recall relevant results from |GRSllt Chapter 5]. 
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Let (n, Vu) be a smooth representation of Gn{F). Let J^^^ijl) be the 
twisted Jacquet module of U with respect to N^{F) and its character 
4'£,K, the space of which is defined by 

(4.4) lii/Span {U{n)v - ^i,^{n)v \ n G N,{F),v G Vh} . 

Note that J^^^(n) is a smooth representation of Hn-e{F). The same 
definition may apply to the twisted Jacquet modules for different groups 
throughout the section. 

Next, we study the twisted Jacquet module J^^^(n) for the induced 
representation 11 = n(r, cr, s). To do so, we consider the structure of 
the restriction of the induced representation 11 to the standard par- 
abolic subgroup Pe, which is denoted by Resp^(n). This reduces to 
consider the generalized Bruhat decomposition Pj\Gn/Pe, which was 
discussed in Section 3. Hence, as a representation of Pg, Resp^(n) can 
be expressed (up to semi-simplification) as a finite direct sum ^ pa- 
rameterized by the set of representatives {eo,,/?} as discussed in Section 
3.1. 

Let r*^*) denote the t-th Bernstein-Zelevinski derivative of r along the 
subgroup Z'^ defined in f l3.26p with the character 

4 ( 0^ fj = V^"'(^l,2 + Z2,3 + ■■■ + Zt-l,t). 

We embed GL^ into GLj through the map g G GL^ i— )■ diag^g, It) G 
GLj. The image, which is still denoted by GL/3, normalizes the charac- 
ter 'i/'j. Hence r*^*) is the representation of GL^ via the twisted Jacquet 
module J^[{t). We also define the following character of 

< (^{f ^) = ^"'(2:1,2 + 2:2,3 + ■ ■ ■ + Zt^i^t + 2//3,l), 

which is conjugate to the character iI)z'^,k as defined in fl3.28p for any 
nonzero k, by an element in the subgroup GL^. Denote the corre- 
sponding Jacquet module J^j'(t) by r(t), which is a representation of 
the mirabolic subgroup of Ghp. 

Recall that P'^ = H^if-^' is as defined in (13.91) . By the discussion 
in Page [H], when £ + /3 < m, is a maximal parabolic subgroup of 
Hn-e- For the proof of Theorem 13.91 which only concerns the case of 
j = £ + 1, we may assume that i < j in the following discussion. Put 
Pj'_^ = H^'^S'e for 7 as defined in (13.161) . Note that P^'jHn-e is the open 
double coset discussed in Page [HI and Pj'_£ is not a proper maximal 
parabolic subgroup. Although we only need in this paper the case when 
£ < j, we recall from |GRS11] the following general result. 
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Proposition 4.2 ( jGRSlll Theorem 5.1]). Assume that < i < m 
and 1 < j < m. If u is inert, then, up to semi-simplification, the 
following isomorphism holds 

J^^ Jlnd'^^ir ® a)) = Ti © T2 © Ts 

where 

^1 = (Bj-e<p<n,-emdf7-'i\ det ffr^'^ © J^; ^ (a"'^)), 

0<l3<j 



indpr'(|det|/r(,)©a<), i < j, 



0, iitj, 

and T3 is the representation of Hn-i supported on the other double 
cosets. 

We note that the detail of T3 is not needed in the explicit unramified 
calculation and is referred to [GRSllt Theorem 5.1]. 

If z/ is split, let i= [ii, £2,^3] be a partition of a positive integer N and 
consider the twisted Jacquet module J^llndp^J^^jTi x T2) in |GRS11[ 
Section 3.6]. In order to simplify our calculation, up to a suitable con- 
jugation, we will use the Gelfand-Grave character defined in jGRSll[ 
Section 3.6]. Let Ni consist of elements of form 

n = Im-2i y^'^ e GL„(F), 

where z^^\ z'^'^^ E Zi{F). We will take the character ipi^,^ to be the 
following character 

^(n) = i^{Y.{z^l, + zfii) + yf} + yfl). 

i=l 

The stabilizer of the character ^ipin) inside Gn~i{Ey) = GL„i-2£(-F) is 
diag{J,,7, J,} e GL^(F) I 7 = J ' ^ ^ GL„_2^_i(F)| . 
Define 

rf := Mt-^r and (r2)[,,] := [(r*)(,,)]*. 

which are representations of GL^2_/3+„(F) and the mirabolic subgroup 
of GLAr_j_^^(F), respectively, where the inner * denotes composition 
with the map 

9 ~^ Jt^-aQ ij^-ay 
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where J'. 



diag( J^,_„, Ji 



i2-l3+a), 



and the outer * denotes composi- 



tion with the map 



More information about r|^^ and {T2)[i-^] can be found in |GRS11[ 
Pages 113 and 115]. 



Proposition 4.3 f [GRSlll Theorem 5.7]). Up to semi-simplification, 
the following isomorphism holds 

J^(Indg^;(JVi X r2) = C,(BC2(BC,(BC,(BC, 

where Ci is given by the following direct sum 



'j-^3</3<^2map^/_^_^(|-i 



0<l3<j '^' 2 

£2 ^-5 given by the following direct sum 



,GL. 



Ind^ 



'/'{<?i,«2-/3,f3-j+/3) 



(ri))®| 



'j2h 



2 r. 



£3 «s (jfzwen by the following representation 



[£l-r]. 



-3-13-1,^2+^3-] 



det 



"^2[£i 



.0, 



otherwise; 



£4 is ^zf en by the following representation 

J\ ■ I'-^inY''^) ® I ■ l^^2[4], «/o < J - £3 < 4 



Ind, ^ 



''^3-*3/2+'^3-J- 



0, 



anc/ £5 is given by the following representation 



ind^^'^ ^ (I 

^j-is-i,\,i2+h-o-i 



1^1 J (^3). 



2 r2[i?i 



0, 



otherwise] 

z/0<j-4<4 
otherwise. 



The other notation in this proposition is referred to [GRSlll Section 
5.2]. We are going to apply the case of £ = [£, m—2j, i] to the unramified 
calculation. 

4.2. Unramified representations and local L-functions of uni- 
tary groups. Let Bh = ThNh be a Borel subgroup of Hn-e with the 
maximal F-torus Th and the unipotent radical Nh ■ Let Kg = G„(Oi?) 
(resp. Kh = Hn-i{oF)) be the standard maximal open compact sub- 
group of Gn (resp. Hn-d- Denote by W{Gn) = N{T)/T the Weyl 
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group of Gn- When u is inert over W{Gn) is the Weyl group asso- 
ciated to a root system of type B. When v is spht over E, W{Gn) is 
the Weyl group associated to a root system of type A. 

From now on, we assume that the representations r, cr, and tt are 
unramified. Let Xt and Xa be the unramified characters corresponding 
to the spherical representations r and a. Then Xt — ®l=iXi and Xa = 
^tLj+iXi- Define := I • I^Xr ® X^- Let := n(xs) and tt := 7r(/x) be 
the unramified constituents of the normalized induced representations 

Indg^/J))(|det|V®(j) and Ind J; ^ (/x) , 

respectively. 

If V is inert over E, xi and are unramified characters of = 

If z/ is split over E, Hn-e{F) = GLm-2e-i{F) and fj,i splits into a 
product Oi'di of two unramified characters of E^ . Moreover, if m— 2£— 1 
is odd, /i splits as ^^~^'*^^^i®'i?i(X>/io- Here /xq is also an unramified 
character of E^ . In particular, 7r(//) is the unramified constituent of 
the following induced representation 

if m is odd, and of the following induced representation 

Ind2;-^^^\(®f=1^.) ® -"0 ® 

if m is even, where rfiH is the Witt index of the hermitian vector sub- 
space {Wi n WojQwenw^)^ which defines Hn-i- Since E = E x E, we 
must have 

GL,(E) - GL,(F) X GL,(F) 
and Xt splits as a product S^©,- of unramified characters with 

The representation r is the unramified constituent of the induced rep- 
resentation 

IndJoM^)(| 1'®^^ ® det 

Also, if we set Xi = I • I*'©* and Xm+i-t = \ ■ I'^'^i'^ for 1 < i < j, 
then the representation 11 (x^) of Gn{E) becomes the corresponding 
representation of GLm{E). 

In the following, we write down the Satake parameters for the unram- 
ified representations discussed above and write the relevant unramified 
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local L-functions, following the arguments in |BS09] or |KK11] for in- 
stance. 

The Langlands dual group ^11^ of is GLm(C) x T{E/F), where 
r{E/F) is the Galois group on E and the nontrivial element l acts on 
GLm(C) via L{g) = Jmg~^J~^. A 2m-dimensional complex represen- 
tation p2m of the Langlands dual group ^Um is given by 

for any g G GLm(C). The Langlands dual group ^ResE/pGLj of 
ResE/pG^ is (GLj(C) x GLj(C)) x T{E/F). The element l acts on 
GLj(C) X GLj(C) by L{gi,g2) = {g2,gi)- Considering a dimensional 
representation of ^Resp/pGLj, which is realized in the space of all j x j 
matrices, Mj^j, by 

(^1,^2; ^ gi-x-^g2, 

{Ij,Ij;i){x) h-^ *x, 

and is called the Asai representation of ^ResE/pGLj. 

In addition, the Langlands dual group ^{\Jm x Res£;/i?GLj) is 

(GL„(C) X GLj(C) X GLj{C)) x T{E/F). 

The element l acts on it by L{g, gi, (72) = id*, 92, 9i)- A 2mj-dimensional 
complex representation p2mj of ^(Um x RespipG'Lj) is given by 

/ 1 \ {9®9i \ 

^3^31,92,1) ^ [ Q g*^g^)^ 

where g ^ g^ is the Kronecker product. 

We first consider the irreducible unramified representation vr(/i) of 
Hn-i{F). When v is inert over E, the Satake parameter of vr(yu) is the 
semi-simple conjugacy class in ^Hn-e of type 

C(7r(/i)) = (diag(/ii(tI7£;),/i2(tI7£;), . . .,HfHu{-^E), 1, • • • , 1); 0, 

where cc^; is the t/-uniformizer of E. To simplify the notation, we may 
use /ij for pi{wE) in the following, if it does not cause any confusion. 

When V is split over E, the Satake parameter of vr(yu) is the semi- 
simple conjugacy class in ^Hn-i of type 

c(7r(/x)) = {die.g{e,{w),--- ,eff,,{w),^^\w),...^z^{w));l) 

if m is odd, and of type 

c(7r(/i)) = (diag(^i(u7),--- ,ef^j^{zu), fio{zu),i^^^{zu), . . .i^^\{zu));l) 
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if m is even, where zu is the z/-uniformizer of F. 

Next, we consider the irreducible unramified representation t{xt) 
of ResE/F(GLj)(F), where Xt = ®i=iXi- When u is inert over E, 
the Satakc parameter of t{xt) is the semi-simple conjugacy class in 

^ResE/F{GLj) of type 

c(T(Xr)) = {di&g{Xl{^E),X2{^E),---,Xj{^E))Jj;i^)- 

Again, we use Xi for Xii^E) if it does not cause any confusion. 

When u is split over E, the Satakc parameter of t{xt) is the semi- 
simple conjugacy class in ^ResE/piGLj) of type 

c(^(Xr)) = (diag(0i, ...,Qj), diag(Si, . . . , S^); 1), 

where is used for Qi{zu) and 5j is used for Ei^^lzu), to simplify the 
notation. 

Therefore, if v is inert over E and E is the unramified quadratic 
field extension of F, the unramified tensor product local L-function 
L{s, TT X r) is defined to be 

(4.5) n i'^-Xi^^i'QfT\^-Xi^i^'QfT' ll(^-XkQfT\ 

l<i<j l<k<n 
l<i'<rhH 

if m is even; and to be 

(4.6) n i^-X^I^^'<lfT\^-X^I^;'<lfT\ 
l<i<j 

if m is odd. When u is split over E, the unramified tensor product 
local L-function L(s, tt x r) is defined to be 

(4.7) L{s, TT X r) = L{s, tt x Ti)L(s, tt x T2), 

where ri and T2 are defined according to ©1, • • • ,Qj and Si, • • • 

respectively. 

Moreover, the unramified local Asai L-function of r is defined as, 
when v is inert, 

(4.8) L{s,T,Asai)= {I - l^nl^i.qfT' Jl ' mpT'; 

l<ii<i2<j l<i<J 

and when u is split 

(4.9) L{s,T,Asai) = L{s,nXT2)= J] {^-Oi^kqpT'- 

l<i,k<j 

In the same way we define the unramified tensor product local L- 
function L(s, cr x r). 
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4.3. Unramified local zeta integrals. Let /^^^ and be the spher- 
ical functions in Il{Xs) and 7r(yu), normalized by fxi^c) = fiJ.{^H) = 1- 
Denote by and /o- the unramified function in r and a accordingly. 
We are going to calculate explicitly the unramified local zeta integral 

By Bernstein rationality theorem ( |GPSR87j and see also |Bn98j ). 
Z^{s, f^^, f^jipi^K) is a rational function of the parameters Xs and /i. 
Thus, we can assume that 

(4.10, 2^(sJ,,JM-^y 

where P{xs,l^) and QiXs^lA are polynomials of variables in Xii f^i and 
q^^. We are going to calculate the polynomials P{xs,fJ') and Q{Xs,l^) 
explicitly in the following two subsections. 

4.4. Calculation of Q{Xs,f^)- For a technical reason, which will be 
mentioned in the argument below, we assume that j = i + 1. This 
is enough to produce the unramified local L-functions as needed. The 
method used here is an extension of that in |GPSR97] to the unitary 
group case. The idea to calculate Q(xs,/i) is to find a proper Hecke 
algebra element $o in the extended spherical Hecke algebra of Hn-e as 
defined below, so that for any section /^^ in the unramified induced 
representation 

Indp;(^J)^(|det|V®a), 

the convolution J^f^s * "^o) is supported in the Zariski open orbit, 
which will be specified below and has the property that 

Since J{fxs * "^o) is supported in the Zariski open orbit, the local zeta 
integral Z^{s^ f^^ * $0, ffi,i'e,K) is entire in s and hence is expected to 
be P{xs,lj) essentially. 

Let T-LlMn-i, Kh) be the spherical Hecke algebra with convolution 
o of all ii'jy-bi-invariant (smooth) functions with compact supports on 
Hn_£. Let Xi for all 1 < i < rfiH be generators of the Hecke algebra 
T-LlHn-e, Kh)- By the Satake isomorphism, if u is inert over E and E 
is the unramified quadratic field extension of F, the Hecke algebra can 
be realized as follows: 

niH^-e, Kh) ^ C [X^,X^\ . . . , X^^, Xr^] ^^""""^^ ; 

and if u is split over E, the Hecke algebra can be realized as follows: 
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Here Sm^2e~i is the symmetric group on the sets {Xi, . . . ,Xm-2£-i} 
and {X{\ . . . ,x;;i2£_i}. 

Define an extended Hecke algebra as in jGPSR97] : 

Ah^_, := C [X,X-'] ®U{Hr,-,,KH). 

Let n(xs) be the unramified representation of Gn{F) as defined in §4.2. 
We consider the subspace of all i^'/f-invariant vectors 

of the twisted Jacquet module Jip^^iXs) '■= "^v* «(n(Xs))- Although it is 
naturally a module of the Hecke algebra ^{Hn-i-, Kh), we may extend 
it to be a module of the extended Hecke algebra Ah„_i as follows: for 
^ '^kS^'^ and X ® $ G Ah^_„ 

where o $ is the left action on via convolution. As in |GPSR97] . 
define the support ideal as follows: 

IsuppiXs) = {$ G Ah^_, I Jl JXs) * $ C a} , 

where A is the smooth representation of Hn-e{F) consisting of func- 
tions in H(xs) supported in the open double cosets Pjeo,i?7-R^,«,o- More 
precisely, by Proposition 14.21 and 14. 3[ the smooth representation A can 
be realized via the following isomorphisms: 

A - md^r(^^[^(| det |7"'V(,) ® a<) 

if u is inert over E; and 

if u is split over E. Here we use the assumption that j = i + 1. 

First we consider the case when i = 0, which implies that j = £ + 1 = 
1. In the case, the twisted Jacquet functor is just the restriction to the 
subgroup Hn{F) of Gn{F). By restricting to the subgroup Hn{F), the 
induced representation 

n = ind^;(|-|^x®cr) 

decomposes via an exact sequence of iy„(F)-modules, according to 
Proposition 14.21 

If u is inert over E, the case is similar to |GPSR97] and we have 
^ Ind£_^(a) ^ J^,JU) ^ Ind^r(|4^V ® J%Jcr)) ^ 0. 
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If z/ is split over E, more explanation is needed. The double coset 
decomposition 

-Pl,m-2,l\GLm/ Hn 

has 6 representatives for m > 2, which are denoted by 7j for 1 < i < 6. 
Let -Pi,m-2,i7i-f^n be the open orbit, and Pi,m-2,iJiHn for z = 2 or i = 3 
be the orbits with the greatest dimension in those orbits except the 
open orbit. Using Proposition 14.31 repeatedly, we have 

0^ind;?i:-(a)^(]^S^O, 

where 

(4.11) := {/ e n I suppif) C UUPl,m-2MiHn}, 

and 

S := Indg:_^(| ■ l^+^e ® ^[0]) © lnd^:_,Mo] ® I • T^-^H-i). 

Lemma 4.4. Assume that i = and j = i + 1 = 1. The support ideal 
IsuppiXs) contains 

i 

if V is inert over E, and 

i 

if V is split over E. 

Proof. The proof follows the same argument used in [GPSR971 §2, 
Lemma 2.1], which uses the Satake Isomorphism for F-quasisplit clas- 
sical groups and the definition of the support ideal TsuppiXs)- We omit 
the details here. □ 

Next, we deal with the general case with j = £ + 1 for the relation 
between Hn-i and Gn-e- 

If 1/ is inert over E, by Proposition 14. 2[ we have the exact sequence 
of Hn-e{E) modules for j = £ + 1, 

^ ind^r^ ■ a< ^ ^eo,,.,_,, ^y^o 

where 

and J is the smooth representation of i/„_£ consisting of func- 

tions in 7i{Xs) which are supported in PjeQ^\ri^j^_2^N(^Gn-e.- Recall that 
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rW is the i-th Bernstein- Zelevinski derivative of r, which is a repre- 
sentation of GLi[E). Up to semi-simphfication, 



2 



i=lAi ^ I \Ey 



and then y = ®Umdpr'\ det \Y x^ ® J%,M"^') 

If 1/ is spht, we apply Proposition I4.3l repeatedly and obtain the exact 
sequence 

^ ind;^;:::--V(o) ^ ^ w ^ 0, 

where U is defined to be the following representation 

In^'rr^d det I'-^^'inf^ ® or) © Ind?^':_t-^(a ® | det I't'-^lr*)^) 

and Q is defined in (14. lip consisting of functions supported in the first 
greatest orbits. In this case, we have, up to semi-simplification, 

rf ^ = ©Li0i ® I ■ 1^ and (r*)^^] = ©i=iSri ^ | . |-|_ 

Note that $ G Xsupp(xs) if and only if $ annihilates all the boundary 
components of J^^^(n), that is, all the summands in Proposition 

and Proposition 14.31 except the space indp,""*(| det r(£) 

the space ind^L^^^^ V; respectively. It is sufficient to annihilate the 
quotients in Heg^i and Q. 

In order to annihilate Kfj-f^^ed vectors in the space 

©Und?,"-^(| det ||+\, ® J^, Ja-^)) 
if u is inert, and in the space 

©Liind?^::j;-^(l ■ i^+^e. © i • r^-^sr^) © a 

(up to isomorphism) if u is split, as in Lemma 14. 4[ we may take the 

following specific element in Ah _i, 

(4.12) 

'nil n?fi(l - q7x^XX,)il - q-^X:XX^') if ^ is inert, 

re=i I{7=?'\^ - qE'QiXX,){l - q~^E,XX-') if u is split, 

which is an element of the support ideal TsuppiXs)- In addition, all 
the other boundary components of the Jacquet module Jxpi,^{Xs) are of 
form 

indpJ-^ddetlj'+VW ©a') 
if u is inert, and of form 

.^^GL„_2,_i (|det|^+^H,©a') 



$0 
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or 



-rVt-2«-l-,9,/3 ^ ^11 ^ 



if p is split, where a' is a suitable representation independent of s, more 
details of which can be found in Proposition 14.21 and Proposition 14.31 
It is easy to check that $o also annihilates f^/f-fixed vectors in those 
boundary components. 

Proposition 4.5. With $o ^ '^suppiXs) chosen above, the following 
identity holds: 

(4.13) Z^isJ^ * $o,^,V'^,k) = QiXs,!^) ■ Z^isJ^Jf^ipi^^) 
where Q{Xs,f^) is defined to be 

i=l i'=l 

if V is inert, and to be 

j m-2i~l 
i=l i'=l 

if V is split. Moreover, Zy[s, f^^ * $0) Z^' V'^.k) ^■^ ^ polynomial function 
of parameters Xt o,nd in g^'^. 

Proof. The proof is similar to the proof of Theorem 5.1 in |GPSR97] . 
In fact, J{f-^^*(^Q){h)^ as defined in Section 4.1, belongs to the space A, 
which is independent of the choice of a. Also J{fxs * is analytic 

in s because of the support of J{fxs * "^o)- The local zeta integral is 
equal to the pairing the function J{fxs * '^o)(^) with a Bessel function 
as in (4.3), and is absolutely convergent for all s. Hence the zeta 
function Z^^s, f^^ * ^q, iPi^k) is a polynomial function of g|; and g^** 
for all choice of vr and all s. □ 

Remark that the proof of this proposition only uses the genericity 
of r, which is true because r is the unramified local component of the 
corresponding irreducible automorphic representation of GLj(A£;) as 
given in (2.13). Hence it holds for all choices Xa ^"^^ A*? therefore, 
for all irreducible unramified representations a and vr. 

Following the definition of the unramified local tensor product L- 
functions as in (14. 5 p and (14. 6p . and Proposition 14. 5[ one must have the 
following identity: 



Qixs,fj') 



L ^(| + s, r X TT)d{xT, s) if u is inert, 
L~^{^ + s,T X 7c) if z/ is split. 
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where 



d{Xr, S) 



ni=i(l — cIe^ ^ if m is even and u is inert; 

1 otherwise. 



Note that d{xi,s) = (1 — q^^ ^Xi) Thus, based on the calculation 
of Q{xs,fJ'), we have a unique choice of P(xs,At)- 

4.5. Calculation of P{xs,f^)- In this section, we will first calculate 
the numerator P(xs,/i) when 11 and tt are generic spherical, and then 
extend the results to general case by Density Principle in Appendix IV 
to IGPSR971 Section 5]. 

Choose suitable functions ipi G S{Gn) and G S{Hn~t) such that 

fxs{9)= I Mb9)x;'4ib)dib, 
Jb 



Jbh 

where dib is the left invariant Haar measure on Borel subgroups. Then 
we define a linear functional in the hom space (14. 2p . 



TifxsJt^) ■= / fxsi^o,iVnm)f^{m)^pe,nin)dndm. 

Remark that properties of T are studied in |K08] when u is inert. 
Lemma 4.6. 

Proof. For all unramified places, the proof is similar to the orthogonal 
case as Theorem (A) in Appendix I to |GPSR97l Chapter 5]. □ 

Case i = 0: First of all, we consider the case i = 0, and hence 
j = 1. The Bessel period is also studied by Can, Gross, and Prasad in 
|GGP12] . Referring to |Harl2t Proposition 2.5], we have the following 
inductive formula 



if u is inert, and 



_ L(|,ei X 7r)L(|,Hi X tt) 



i-FUNCTIONS OF CLASSICAL GROUPS OF HERMITIAN TYPE 



47 



if u is inert, for any quasi-character xi- Correspondingly, one has 

f[L(|,Xi X 7r)rf(xi)]"^ if z/ is inert, 

^KXi ^ X., N <y 1 ^ ^ ^^^^ 1 ^ ^ ^ 

which is the same as the result of Proposition 14.51 Hence one has 

(4.14) P(xi ® X., /i) = ^ X.). 

Note that ® Xo-; /^) is a polynomial function of the parameter xi, 
and xi (g) ^^/p) = L{1, 6i ® Si). A comment with the notation xi 
is in order. The above discussion holds for all quasi-characters Xi and 
hence the variable s is carried by this character xi here. 

General Case £ > 0: In the discussion below, we also assume that 
X is a general quasi-character, i.e. we take x to be Xs here, since the 
proof works for any quasi-character x- Hence in the discussion, there 
will be no variable s. However, the variable s will be put back to the 
final formula. 

Let uj be an element of Weyl group W{Hn-e) and be the inter- 
twining operator mapping H(x) to H(a;x). By the uniqueness of Bessel 
model, we have a local gamma factor 7aj(X)7) defined by 

Note that the definition of 7^ is independent with non-trivial choice of 
T. In order to calculate the general case i > 0. We need to calculate 
the local gamma factor 7^. 

When u is inert, let | 1 < i < m} be a set of simple roots of Gn- 
Then the sets {f3i \ 1 < i < i} and \ i + 2 < i < rh} are also sets of 
simple roots of GL^+i(i?) and H(We-^-i) respectively. 

When u is split, let {(3i \ 1 < i < m — 1} be a set of simple roots of 
GLm- Recall that Pi+i^m-2e~2,i+i is a standard parabolic subgroup of 
GLm with the Levi subgroup GL^^i x GLm-2^-2 x GL^+i. Then the set 
{A I 1 < < ^} and {Pi \ m — £<i<m — 1} are sets of simple roots 
of the general linear groups of the Levi subgroup, and | i + 2 < 
i < m — i — 2} is the set of simple roots of the subgroup GLm-2^-2 
of the Levi subgroup. Let cui be the simple reflection corresponding to 
the simple root 

Lemma 4.7. If u is inert, then 

l7a;,(X<?+l ® Xa,/i) tf£+l<i<m. 
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// V is split, then the gamma factor 7,^- (x, /i) is equal to 



1 Xi+iXiW ifl<i<i orm-i<i<m, 

Ju;Axe+i ® ® Xm-e,fJ') if£+l<i<m-i-l. 

Proof. Khoury proved the inert case in |K08t Proposition 11.1]. For 
the spht case, the proof is given in |Z12j . □ 

Now, we normahze the numerator P{x, f^) by 

Note that T{fj,, Xa) is the pairing for 7r(/i) and a. 

Following [CS8 0] and |ShlOt Section 3.5], the functions Cix^t) can 
be defined as follows. When u is inert, if m is even, (ix^t) is defined 
by 

n (l-XiiXr/9'*)(l-XnX*2g~*)- n (l-Xi^F*); 

l<ii<i2<ih l<i<fh 

and if m is odd, (ix^t) is defined by 

n i^-XnX^'q''){^-x^^Xi2Q'')■ n (i + Xi^F 

l<il<i2<rh l<i<rri 

When z/ is split, C{x,t) = Ui<i,<i.,<mi'^-XhX72^<l~^)- Note that q = Qe 
in the above formulas, in order to simplify the notation. In addition, 
if m = 1, CiXyt) = 1 for all cases. Remark that Cix^t) is the zeta 
polynomial function associated to G„ as in |GPSR97t Page 157]. 
For the case i = 0, according to fl4.14p . we have 

(4.15) p*(;^^®;^^,^) = ^^^, 

where ({Xa, 1) is the zeta polynomial function associated with Hn, as 
in |(;PSR97t Page 157]. 

Corollary 4.8. If 1 < i < i, orm — l<i<m — 1 when v is split, 
then 

p*{Loa,f^) = P*{x,f^)- 

Ifi = i+1 when v is inert, or i = i+1 or m — l — l when v is split, 
then 

P\X.I^) _ C,{x.^)d{x^) 
P*{(^iX,l^) C{Xa'A)d{Xi+i)' 
where Xa' = Xi+i ® Xi+s ® • ■ ■ ® Xm when i = ii and v is inert, and 
Xa' = Xf.+i ® X£+3 ® ■ ■ ■ ® Xm-e-1 when i = i and v is split, and 
Xa' = Xe+2 ® ■ ■ ■ ® Xm-e-2 ® Xm-e- 



i-FUNCTIONS OF CLASSICAL GROUPS OF HERMITIAN TYPE 49 

Ifi+l<i<m when v is inert ori + 2<i<m — i — 2 when v is 
split, then 

p*{uix,fi) a{ujx)a,iy 

Proof. The proof is a straightforward calculation by Lemma 14.71 □ 
By Corollary 



C(x.,i) 

is invariant under the action of the Weyl group W{Gn) on x- Iii the 
rest of this section, we will show that the quotient above is equal to 
one, i.e. 

(4.16) P*{x,f^) ^^^'''^^ 



diXr) 

Let To(x,/i) = /^), where 

f^{g)= / lB{o)u^a„B{o){b9)x'^Sl{b)dib 



ll!g„ is the longest Weyl element in G„, and 1b{o)wc„b{o) is the character- 
istic function over B{o)wg„B{o) and also is an Iwahori-fixed function. 

Lemma 4.9. 

To(x,/^) = To(xU„_,,/i)- 
Proof. The proof is similar to Proposition 8.1 in |GPSR97] . □ 
By Appendix to §6 in |GPSR97] . we have the following expansion, 

where Ci^{uj~^x) is the Harish- Chandra c-function of the intertwining 
operator associated to the Weyl group element u. In this formula, by 
replacing 7^((X'~^X) /^) by the following expression: 

. -1 X T{x,fi)cuj{uj-^x) 
canceling both sides the factor T(x,/i), and replacing T{uj~^Xi by 



Q{uj ^x,l^)' 
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we obtain the following expression: 



, ^(w-ix,!) ^"^'r(/i,(a;-ix)<x)' 



Define 



m 



1=1 

where g is the half of the sum of all positive roots. Then it follows that 
A{ux) = sgn(a;)A(x). Note that c^^Jx) = C(x, l)(-Kx,0). It follows 
that A(x) can be expressed as follows: 

(4.17) 



P*{X,^)d{XT) , ^ (o,<^v)^/ X 

2^ sgn^wjg^^'' ^^Q(wx,/^) 



ro(wX,/i)C((t^X)a, 1) 



In order to prove Equation fl4.16p . it is sufficient to show the following 
Lemma, which is similar to the orthogonal case ( |GPSR97| Lemma 
6.3]). 

Lemma 4.10. 

(4.18) 

A/ ^ f ^ {s,u^x}nf ^ To((a;x)k„-,,/^)C((^x)a, 1) 

Proof. We only give a proof for the inert case. For the split case, the 
proof is similar and we omit details here. 

First, by Equation fl4.15p . this identity holds for £ = 0. 

Next, we consider the general cases £ > 0. Since the terms C(Xo-, 1), 
Q(x, /i), di^Xr), To{x\H„_e, fJ') and r(/i, (wx)o-) are invariant under the 
action of the Weyl group l^(GL£+i), we have the right hand side of the 
identity, 

RHS = Yl ^-i(^) ■ ■ ?^'^^'"^^sgn(u;). 

ui&W(GLi)xWiG„-e)\W(Gr^) 

where 

S^,(a;):= sgn(u;i)g(^«^^™) , 

uJi£W(GLt) 
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and 

T(/i, {u2UJx)a)d{iuJ2UJx)T) 

Decompose as Qix,!^) = Q i{x, IJ')Q ixt+i ^ Xa,!^), where 

1=1 i'=i 

and 

Q{xi+i®Xc,IJ) = Yli^ - q'^xe+il^i')^^ - Q~^Xe+il^^^)- 
i'=i 

Thus, Q{uj2X:IJ') = QliX: l^)QMxe+i Xa): fJ-) for UJ2 e W{Gn-e)- 

Define ux = X^^^ <8) X^^\ where x^^^ = ^xWu and x^^^ = ^x|G„_r 
Note that 

C((a;2a;x)., 1) = C((^2X^'^)., 1), 

and 

e 

d{{uJ2UJx)r) ^d({uJ2X^%+l) - ^"'XiM) 

1=1 

=d((a;2x('^)m)c?(('^x)r)c?-'((u;x)^+i). 
Consider the summation 

^ r \ n f ^ d{{u}x)i+i) 

• J] sgn(a;2)g^^''"-^'"^^'>Q((^2x('\/i) 
w2eW(G„_^) 

To{w2X^'\M(^2X^'^)<r,l) 
T{l,,U2X^^))d{{u2X^^))i+l) 

The last identity holds by the case l — Q. Note that x^^^ = '^xIg^.^ 
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Now, by replacing J^^j^^ou) by the expression above, the right hand 
side of (4.18) reduces to 

RHS^ J2 

ojeW(GU)xW(Gn_e)\W{G„) 

By using the definition of Ejj^(a;) and the definition of Ah^_^{x^'^^)j 
then by collapsing the three summations ^^^^ and we obtain 
that 

RHS^ Y: sgnHg<--)Q,(a;x,/.)^^|f^. 
Recall that 

Then 

RHS = sgn(c^)g<^''^^> 

U}eW{Gn) 

I 

+ E^- E sgn(a;)g<^'->^>n^^'' 

where ri = (jt-i, ?T'2, ■ ■ ■ , ^t-^) with rij e {0, 1, 2} such that at least one rii 
is nonzero, and Cfi is the coefficient depending only on Also note 
that 

i=l i=l 

where = if i > £. Thus, it is sufficient to show that 

e. 

wew^(G„) j=i 

Since X^Li 7^ 0, £ > and m — £ — 1 > 1, there exist at least two 
distinct integers i and i' with i < i' such that '^^^^—i—rii = ^^^ — i'—rii'. 
Let io be the maximal integer such that io + = i'^ + n^^ . Consider 
the Weyl group W{Gn) as the subgroup of the permutation group on 
Xi and for 1 < i < m. Then, define a Weyl element u' by the 
following rules: ou' permutes Xio ^^'^ Xi'^i ^^id fi^^s Xi for the rest i. 

Hence, sgn(a;0 = -1 and ou' fixes IlliiXi ^ ' ^ Let W^(G'„)r be 
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the stabilizer of W{Gn) acting on q^^''^^^ Y[i=iXT ■ sgn(ci;') = —1 
and Lo' G W{Gn)n, we have the restriction of sgn on W{Gn)n is not 
triviaL 
Therefore, 

e 

I 

=0. 

□ 

Comparing fl4.17p and fl4.18p . we can get the identity fl4.16p . Hence, 
after replacing back Xs for x? we obtain the following formulas 

U 19) P(y a) = d{{xs)r)a{Xs)r,l) , 

if V is inert, and 

(A 2n) Pi\ Ij) = C((Xs)ri, l)C((Xs)r2, 1) 

^' ^ L{s + l,nxa)L{s + l,T2xa)L{2s + l,nxr2) 

if h> is split. Note that {Xs)t denotes the quasi-character which is the 
restriction of the quasi-character Xs to the r-part of the torus. 

It is important to point out that from the beginning of this section up 
to this point, we assume that Il{Xs) and 7r(/i) are generic and spherical. 
The following theorem extends the above results to general spherical 
n(xs) and tt{^). 

Theorem 4.11. For all choices ofx and fi, the following identity holds: 

(4.21) ZAsJxJ,^^i,n) = 

Lis + i, r X tt) , , , 



L{s + 1, r X a)L{2s + 1, r, Asai O ^]^/p,) 

where (/^, fa) ^ and C(Xt-, 1) are independent of s. Moreover, if we 
normalize Wj so that Wj{f^){e) = 1, then 

(4.22) Z,{s,f^,f„^,,^) = 

L(s + |,rx7r) 

\JfJ.i Jcr/ a ' 



L{s + 1, r X a)L{2s + 1, r, Asai O ^™/^) 
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Proof. This proof is similar to Theorem 5.2 in jGPSRQTj . By Proposi- 
tion 14.5^ it is sufficient to show that 

holds for all choices of x and fi. 
Define 




ueo,ivnk = T{g)fr\ det g\%S^ a {h)f^, 



g' 



where g G ResE/riGLj), h G G„_j, u G Uj, n G Ui{o) and k G Kh- 
Recall that and f^ are the unramified spherical vectors in r and a. In 
addition, we assume that supp(/*) = P^eo irjRi^o). Then /* is in A and 
supp(/*) C Gn-,KH. Since J{f*){e) = W,{f*){eo,iv) = CiXr, I) fa, we 
obtain 

2{S, /*, = C(Xr, 1) (/m, fa)^ ■ 

Define 



L(s + 1, X a^)L{2s + 1, r^, Asaz (g) ^^/^) 



f » = f * $n ^^^^^^^^ r 



By fl4.19p and f l4.20p . if x and /i are in general position and s is in a 
dense open set, then 

Zu{sj\f^,ipi>^^) = 0. 

By the same argument, one can extend the Density Principle in Ap- 
pendix IV to |GPSR97l Section 5] to the unitary group case, which 
implies that J{f'^){g) = for all choices of x, and s. Therefore, we 
obtain the following identity 

2u{s,fx * ^oJt,,'ipe,K) = Z^{sJ*,ff,,ilJe^^) = 
for all choices of x, and s. □ 

This completes the proof of Theorem 3.9, which is the key result 
for unramified local zeta integrals. With Theorems 3.8 and 4.11, we 
have the following main global result of this paper for j = i + 1. In 
this case, {Hn-j+i,Gn-j) is a spherical pair, and the Bessel period 

P'^''"^'^-" V^o-) reduces to a spherical Bessel period. 

Theorem 4.12 (Main). Assume that j = i + 1. Let E{(j)r®a-,s) he 
the Eisenstein series on Gn{^) as in fl2.15p and let vr be an irreducible 
cuspidal automorphic representation of Hn-e{A) . Assume that the real 
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part of s, Re(s), is large, and that it and a have a non-zero spheri- 
cal Bessel period. Then the global zeta integral Z[s, (l)r(S)a, fn, ^^£,100) 'is 
eulerian, and is equal to 



,WoJ 



L'^is + |,7r X r) 



L^s + 1, a X r)L^(2s + 1, r, Asai ® ^^/^) 



where C7r,o- is a constant depending on the Bessel period of tt and a and 
on other normalization constants, but independent of s, and 

is the finite product of ramified local zeta integrals. 

There is a standard method to prove from this global identity that 
the partial L-functions L^{s -\- ^,11 x t) has meromorphic continuation 
to the whole complex plane. It is more important to develop the local 
theory which extends the partial L-function to the complete L-function 
in this setting and hence to prove the functional equation and other 
analytic properties of the complete L-functions of this type. This is 
our on-going project and will be reported in our future work. 



5. Final Remark 

We remark that the proof of Theorem works for replacing the single 
variable s by a multi- variable (si, S2, ■ ■ ■ , Sr), and hence the resulting 
global zeta integral represents the following product of tensor product 
L-functions 

L^{Si, IT X Ti)L^{s2, TT X T2) ■ ■ ■ L^{Sr, TT X T^). 

We will come back to this in our future work. 
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